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We consider a nonstationary vector autoregressive process which is integrated of order 1, and
generated by i.i.d. Gaussian errors. We then derive the maximum likelihood estimator of the space
of cointegration vectors and the likelihood ratio test of the hypothesis that it has a given number
of dimensions. Further we test linear hypotheses about the cointegration vectors.

The asymptotic distribution of these test statistics are found and the first is described by a
natural multivariate version of the usual test for unit root in an autoregressive process, and the
other is a x? test.

1. Introduction

The idea of using cointegration vectors in the study of nonstationary time
series comes from the work of Granger (1981), Granger and Weiss (1983),
Granger and Engle (1985), and Engle and Granger (1987). The connection
with error correcting models has been investigated by a number of authors; see
Davidson (1986), Stock (1987), and Johansen (1988) among others.

Granger and Engle (1987) suggest estimating the cointegration relations
using regression, and these estimators have been investigated by Stock (1987),
Phillips (1985), Phillips and Durlauf (1986), Phillips and Park (1986a,b,1987),
Phillips and Quliaris (1986,1987), Stock and Watson (1987), and Sims, Stock
and Watson (1986). The purpose of this paper is to derive maximum likelihood
estimators of the cointegration vectors for an autoregressive process with
independent Gaussian errors, and to derive a likelihood ratio test for the
hypothesis that there is a given number of these. A similar approach has been
taken by Ahn and Reinsel (1987).

This program will not only give good estimates and test statistics in the
Gaussian case, but will also yield estimators and tests, the properties of which
can be investigated under various other assumptions about the underlying data
generating process. The reason for expecting the estimators to behave better
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232 S. Johansen, Statistical analysis of cointegration vectors

than the regression estimates is that they take into account the error structure
of the underlying process, which the regression estimates do not.

The processes we shall consider are defined from a sequence {¢,} of ii.d.
p-dimensional Gaussian random variables with mean zero and variance matrix
A. We shall define the process X, by

X,=ILX,_,+---+II,X,_,+e, r=1,2,..., (1)

for given values of X_, ,,..., X,. We shall work in the conditional distribu-
tion given the starting values, since we shall allow the process X, to be
nonstationary. We define the matrix polynomial

A(z)=I-1II,z— --- =TI z*,

and we shall be concerned with the situation where the determinant |A(z)| has
roots at z = 1. The general structure of such processes and the relation to error
correction models was studied in the above references.

We shall in this paper mainly consider a very simple case where X, is
integrated of order 1, such that A X, is stationary, and where the impact matrix

A(2), oy =H=1-11, = --- =1II,
has rank r < p. If we express this as
II=af, (2)

for suitable p X r matrices a and 8, then we shall assume that, although A X,
is stationary and X, is nonstationary as a vector process, the linear combina-
tions given by B8’X, are stationary. In the terminology of Granger this means
that the vector process X, is cointegrated with cointegration vectors 8. The
space spanned by B is the space spanned by the rows of the matrix II, which
we shall call the cointegration space.

In this paper we shall derive the likelihood ratio test for the hypothesis given
by (2) and derive the maximum likelihood estimator of the cointegration
space. Then we shall find the likelihood ratio test of the hypothesis that the
cointegration space is restricted to lie in a certain subspace, representing the
linear restrictions that one may want to impose on the cointegration vectors.

The results we obtain can briefly be described as follows: the estimation of
B is performed by first regressing AX, and X,_, on the lagged differences.
From the residuals of these 2 p regressions we calculate a 2p X 2 p matrix of
product moments. We can now show that the estimate of 8 is the empirical
canonical variates of X,_, with respect to AX, corrected for the lagged
differences.
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The likelihood ratio test is now a function of certain eigenvalues of the
product moment matrix corresponding to the smallest squared canonical
correlations. The test of the linear restrictions involve yet another set of
eigenvalues of a reduced product moment matrix. The asymptotic distribution
of the first test statistic involves an integral of a multivariate Brownian motion
with respect to itself, and turns out to depend on just one parameter, namely
the dimension of the process, and can hence be tabulated by simulation or
approximated by a x? distribution. The second test statistic is asymptotically
distributed as x? with the proper degrees of freedom. It is also shown that the
maximum likelihood estimator of B suitably normalised is asymptotically
distributed as a mixture of Gaussian variables.

2. Maximum likelihood estimation of cointegration vectors and likelihood ratio
tests of hypotheses about cointegration vectors

We want to estimate the space spanned by B from observations X,
t=—-k+1,...,T For any r < p we formulate the model as the hypothesis

Hy: rank(IT) <r or II=af’, (3)

where a and 8 are p X r matrices.

Note that there are no other constraints on II,,..., II, than (3). Hence a
wide class containing stationary as well as nonstationary processes is consid-
ered.

The parameters a and S can not be estimated since they form an over-
parametrisation of the model, but one can estimate the space spanned by B.

We can now formulate the main result about the estimation of sp(8) and
the test of the hypothesis (3).

Theorem 1. The maximum likelihood estimator of the space spanned by B is the
space spanned by the r canonical variates corresponding to the r largest squared
canonical correlations between the residuals of X, , and AX, corrected for the
effect of the lagged differences of the X process.

The likelihood ratio test statistic for the hypothesis that there are at most r
cointegration vectors is

14

—2In(Q)=-T ¥ In(1-1)), (4)

i=r+1

2 Iy

where A, .y, ..., A, are the p — r smallest squared canonical correlations.

Proof. Before studying the likelihood function it is convenient to reparame-
trise the model (1) such that the parameter of interest II enters explicitly. We
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write

AX,=NAX,_,+ - +0 18X _ a1+ X, +e, (5)
where

I'=-I1+II1+--- +11, i=1,..., k.
Then II= ~1TI, and whereas (3) gives a nonlinear constraint on the coeffi-
cients II,,..., I1,, the parameters (I7,..., I,_;, a, 8, A) have no constraints

imposed. In this way the impact matrix II is found as the coefficient of the
lagged levels in a nonlinear least squares regression of 4 X, on lagged dif-
ferences and lagged levels. The maximisation over the parameters I',..., I},
is easy since it just leads to an ordinary least squares regression of A X, +
af’X,_, on the lagged differences. Let us do this by first regressing A X, on the
lagged differences giving the residuals R, and then regressing X,_, on the
lagged differences giving the residuals R,,. After having performed these
regressions the concentrated likelihood function becomes proportional to

L(a,B,4)

T
- 4] _mexp{_% T (Roi+ af'Ry YA~ (Ro, + aB'Rk,)}.

t=1

For fixed B8 we can maximise over a and A by a usual regression of R, on
- B’R,, which gives the well-known result

&(B) = - SoB(B'SiB) ", (6)

and
A(B) = Soo — SOk:B(B’SkkB)_I:B,SkO, (7)
where we have defined product moment matrices of the residuals as
T
S,=T 'Y R,R},, i j=0k (8)
t=1
The likelihood profile now becomes proportional to
|A(B) -T2,
and it remains to solve the minimisation problem
min|Spo SOkB(B,SkknB)-IIB,Skol )

where the minimisation is over all p X r matrices 8. The well-known matrix
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relation [see Rao (1973)]

Soo  SoxB

B’Sk() B,SkkB = |S00| |B,SkkB - B,SkOSO-(-)ISOkﬁl

= 1B'S1iB11So0 — SoxB(B'SiiB) ™' B'Syol

shows that we shall minimise

|B’SicxB = B'SkoSa'SoxBl/|1B'SisBl

with respect to the matrix 8.
We now let D denote the diagonal matrix of ordered eigenvalues A, > - -
>4 p of 810500 S0, With respect to Sy, i.e., the solutions to the equation

IASyx = SkoSo0 Soxl =0, 9
and E the matrix of the corresponding eigenvectors, then

SikED = 8,050 SoxE,
where E is normalised such that

E'SE=1I.
Now choose 8 = E£ where £ is p X r, then we shall minimise

166 — §'DE|/|€°€].

This can be accomplished by choosing £ to be the first r unit vectors or by
choosing # to be the first r eigenvectors of Sk0S00 Sox With respect to S,,, i.e.,
the first » columns of E. These are called the canonical variates and the
eigenvalues are the squared canonical correlations of R, with respect to R,
For the details of these calculations the reader is referred to Anderson (1984,
ch. 12). This type of analysis is also called reduced rank regression [see Ahn
and Reinsel (1987) and Velu, Reinsel and Wichern (1986)]. Note that all
possible choices of the optimal 8 can be found from § by B=fp for p an
r X r matrix of full rank. The eigenvectors are normalised by the condition
ﬁ’Skkﬁ = I such that the estimates of the other parameters are given by

a=- SOk.é(.é'Skkﬁ) = _Swﬁ, (10)

which clearly depends on the choice of the optimising 8, whereas

1= -5, B(B'SuB) '8 = —Subh, (11)
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and
A =S40~ SorBB'Sio = Soo — 4&’, (12)

and the maximised likelihood as given by

Loy = 15wl I1 (1-%,), (13)

i=1

do not depend on the choice of optimising 8.

With these results it is easy to find the estimates of IT and A without the
constraint (3). These follow from (6) and (7) for r=p and f=1 and give in
particular the maximised likelihood function without the constraint (3):

LoXT= 180l TT(1-K,). (14)

i=1

If we now want a test that there are at most r cointegrating vectors, then the
likelihood ratio test statistic is the ratio of (13) and (14) which can be

expressed as (4), where A,,; > --- > A are the p—r smallest eigenvalues.
This completes the proof of Theorem 1.

Notice how this analysis allows one to calculate all p eigenvalues and
eigenvectors at once, and then make inference about the number of important
cointegration relations, by testing how many of the A’s are zero.

Next we shall investigate the test of a linear hypothesis about 8. In the case
we have r =1, i.e., only one cointegration vector, it seems natural to test that
certain variables do not enter into the cointegration vector, or that certain
linear constraints are satisfied, for instance that the variables X;, and X,, only
enter through their difference X, — X,,. If » > 2, then a hypothesis of interest
could be that the variables X;, and X, enter through their difference only in
all the cointegration vectors, since if two different linear combinations would
occur then any coefficients to X, and X,, would be possible. Thus it seems
that some natural hypotheses on 8 can be formulated as

H,: B=Hyp, (15)

where H( p X s) is a known matrix of full rank s and ¢(s X r) is a matrix of
unknown parameters. We assume that r < s < p. If s = p, then no restrictions
are placed upon the choice of cointegration vectors, and if s=r, then the
cointegration space is fully specified.

Theorem 2. The maximum likelihood estimator of the cointegration space,
under the assumption that it is restricted to sp(H ), is given as the space spanned
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by the canonical variates corresponding to the r largest squared canonical
correlations between the residuals of H'X,_, and A X, corrected for the lagged
differences of X,.

The likelihood ratio test now becomes

—21n(Q) = T Y In{(1-A)/(1-1,)). (16)

i=1

where AY,..., N* are the r largest squared canonical correlations.

Proof. 1t is apparent from the derivation of g that if B = Ho is fixed, then
regression of Ry, on —¢’H'R,, is still a simple linear regression and the
analysis is as before with R,, replaced by H’R,,. Thus the matrix ¢ can be
estimated as the eigenvectors corresponding to the r largest eigenvalues of
H’S,0S40 Sox H with respect to H'S,, H, i.e., the solution to

INH'S, H — H'S, oS Sox H| = 0.

Let the s eigenvalues be denoted by A*, i=1,...,s. Then the likelihood
ratio test of H, in H can be found from two expressions like (13) and is given
by (16), which completes the proof of Theorem 2.

In the next section we shall find the asymptotic distribution of the test
statistics (4) and (16) and show that the cointegration space, the impact matrix
IT and the variance matrix A are estimated consistently.

3. Asymptotic properties of the estimators and the test statistics

In order to derive properties of the estimators we need to impose more
precise conditions on the parameters of the model, such that they correspond
to the situation we have in mind, namely of a process that is integrated of
order 1, but still has r cointegration vectors S.

First of all we want all roots of |A(z)| =0 to satisfy |z| > 1 or possibly
z=1. This implies that the nonstationarity of the process can be removed by
differencing. Next we shall assume that X, is integrated of order 1, i.e., that
A X, is stationary and that the hypothesis (3) is satisfied by some a and B of
full rank r. Correspondingly we can express A X, in terms of the ¢’s by its
moving average representation,

AX,= Y Ce,_;,
Jj=0

for some exponentially decreasing coefficients C;. Under suitable conditions on
these coefficients it is known that this equation determines an error correction
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model of the form (5), where I', X,_, = —II X,_, represents the error correc-
tion term containing the stationary components of X, ,, i.e., 8'X,_,. More-
over the null space for C’' = ;’.°= oC/ given by {£|C’§ =0} is exactly the range
space of I/, i.e,, the space spanned by the columns in B8 and vice versa. We
thus have the following representations:

II=af" and C=y1é&, (17)

where 1is (p—r)X(p—r), y and 8 are p X (p — r), and all three are of full
rank, and y’8 = §’a = 0. We shall later choose & in a convenient way [see the
references to Granger (1981), Granger and Engle (1985), Engle and Granger
(1987), or Johansen (1988) for the details of these results].

We shall now formulate the main results of this section in the form of two
theorems which deal with the test statistics derived in the previous section.
First we have a result about the test statistic (4) and the estimators derived in
(11) and (12).

Theorem 3. Under the hypothesis that there are r cointegrating vectors the
estimate of the cointegration space as well as I and A are consistent, and the
likelihood ratio test statistic of this hypothesis is asymptotically distributed as

tr{/oldBB'[/OlBB/du]—lfOleB'}, (18)

where B is a( p — r)-dimensional Brownian motion with covariance matrix I.

In order to understand the structure of this limit distribution one should
notice that if B is a Brownian motion with I as the covariance matrix, then
the stochastic integral fO’B dB’ is a matrix-valued martingale, with quadratic
variation process

ftvar(BdB’) = fIBB’du ®I,
0 0

where the integral fO’BB’du is an ordinary integral of the continuous matrix-
valued process BB’. With this notation the limit distribution in Theorem 3 can
be considered a multivariate version of the square of a martingale fO'B dB’
divided by its variance process [;BB’du. Notice that for r=p —1, ie., for
testing p — 1 cointegration relations one obtains the limit distribution with a
one-dimensional Brownian motion, i.e.,

(/OIBdB)Z/j:Bzdu=((B(l)2— 1)/2)2//(;le&4,
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Table 1
The quantiles in the distribution of the test statistic,

tr{/(;ldBB’(/:B(u)B(u)’du)_1'/(.)1BdB’},

where B is an m-dimensional Brownian motion with covariance matrix I.

m 2.5% 5% 10% 50% 90% 95% 97.5%
1 0.0 0.0 0.0 0.6 2.9 4.2 53
2 1.6 19 2.5 54 10.3 120 13.9
3 7.0 7.8 8.8 14.0 212 238 26.1
4 16.0 174 19.2 26.3 35.6 38.6 41.2
5 283 304 32.8 421 53.6 572 60.3

which is the square of the usual ‘unit root’ distribution [see Dickey and Fuller
(1979)]. A similar reduction is found by Phillips and Ouliaris (1987) in their
work on tests for cointegration based on residuals. The distribution of the test
statistic (18) is found by simulation and given in table 1.

A surprisingly accurate description of the results in table 1 is obtained by
approximating the distributions by cx?( f) for suitable values of ¢ and f. By
equating the mean of the distributions based on 10,000 observations to those
of ¢x? with f=2m? degrees of freedom, we obtain values of ¢, and it turns
out that we can use the empirical relation

c=0.85—0.58 /1.

Notice that the hypothesis of r cointegrating relations reduces the number of
parameters in the IT matrix from p2 to rp + r(p — r), thus one could expect
(p — r)* degrees of freedom if the usual asymptotics would hold. In the case of
nonstationary processes it is known that this does not hold but a very good
approximation is given by the above choice of 2( p — r)? degrees of freedom.

Next we shall consider the test of the restriction (15) where linear con-
straints are imposed on S.

Theorem 4. The likelihood ratio test of the hypothesis
H,: B=Hyp

of restricting the r-dimensional cointegration space to an s-dimensional subspace
of R? is asymptotically distributed as x* with r(p — s) degrees of freedom.

We shall now give the proof of these theorems, through a series of inter-
mediate results. We shall first give some expressions for variances and their
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limits, then show how the algorithm for deriving the maximum likelihood
estimator can be followed by a probabilistic analysis ending up with the
asymptotic properties of the estimator and the test statistics.

We can represent X, as X,= Zj-:lAXj, where X, is a constant which we
shall take to be zero to simplify the notation. We shall describe the stationary
process 4 X, by its covariance function

y(i)=var(4X, AX,.,),
and we define the matrices
pi=v(i—j)=E(AX,_,AX/ ), i j=0,... k-1,
K= Z 4/(])7 i=0,...,k—1,
J=k—i

and

po= = X ).
J= — 0
Finally define
v= 2 v(J)

Jj=—oc

Note the following relations:

o0
¥(i)= X cACy,,
=0

v= Y CA Y C/=CAC,
j=0 J=0

t—k

var(X, )= X (t—k=1jD¥()).

J=—t+k

cov(X,_,,AX, ;)= 3 ¥(j),

j=k—i
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which show that

var( Xo/T'?) - f Y(i) =y,

i=—00

and

cov( Xr_k AXp )~ Z V(Jj) =t
j=k—i

whereas the relation

T—k

T—-k
var(B'Xr_,)=(T—k) L B ())B- L iIB¥(j)B

j=—T+k j=—T+k
shows that

var(B'Xr_,) = BB,

since B8'C =0 implies that B’y =0, such that the first term vanishes in the
limit. Note that the nonstationary part of X, makes the variance matrix tend
to infinity, except for the directions given by the vectors in B, since 8°X, is
stationary.

The calculations involved in the maximum likelihood estimation all center
around the product moment matrices

r—j

T

M, =T "'} AX,_,AX/
r=1
T

M, =T'Y X,_,AX/,, i=0,...,k-1,
=1

T
M= T! Z X Xk
=1

We shall first give the asymptotic behaviour of these matrices, then find the
asymptotic properties of S;; and finally apply these results to the estimators
and the test statistic. The methods are inspired by Phillips (1985) even though
I shall stick to the Gaussian case, which make the arguments somewhat
simpler.

The following lemma can be derived by the results in Phillips and Durlauf
(1986). We let W be a Brownian motion in p dimensions with covariance
matrix A.
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Lemma 1. As T — oo, we have

T2 X = CW(1), (19)
M, Spy, =0, k=1, (20)
Mki—‘icf()’WdW'c'+pk,., i=0,... k-1, (21)
B'MuB™ BB, (22)
T-'M,, > Cj(;lW(u)W’(u)du c'. (23)

Note that for any £ € R?, §'M, £ is of the order in probability of T unless £
is in the space spanned by 8, in which case it is convergent. Note also that the
stochastic integrals enter as limits of the nonstationary part of the process X,,
and that they disappear when multiplied by 8, since 8'C = 0.

We shall apply the results to find the asymptotic properties of S, , i, /=0, &,
see (8). These can be expressed in terms of the M;;’s as follows:

Sij=Mij_M*M;§lM*j’ i,j=0,k,
where

M**= {M

b j=1,.., k=1},
Mk*= {Mk!" i=1,..-,k—1},
Moy ={ My, i=1,....,k—1}.

A similar notation is introduced for the p,’s. It is convenient to have the
notation

D= ke sbtegy 6 J=0,k.

We now get:

Lemma 2. The following relations hold
Sp=I2n+A, (24)
Soli=02,TL, (25)
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and hence, since I' ;= —af’.

Sp=a(BZ,B)a’+A and a= -2, B(BZ,.B)". (26)

Proof. From the defining eq. (5) for the process X, we find the equations
T
My, =My + - +Fk—1Mk—l,i+ M+ T! E g, 4X/ (27)
=1
i=0,1,...,k—1, and
T
My =My + - + 0 My + T M, + T Y e X .. (28)
=1
Now let T — oo, then we get the equations
poo=Tipo+ - L 10+ Diebtpo + A, (29)
poi=Tpy+ - AL gy 1 i+ Dt i=1,..., k-1, (30)

poxB=T1puB+ -+ + L ipg—1s kB + Titiii B- (31)

If we solve the eq. (30) for the matrices I, and insert into (29) and (31), we get
(24), (25), and (26).

We shall now find the asymptotic properties of ;.
Lemma 3. For T — o0, it holds that, if 8 is chosen such that 8’ a =0, then

a.s.

Se0 = o0, (32)
w 1

§'Sox = 8 [ dwwC, (33)
0

B'Sio = B'Syo, (34)

T8, > C ['W(u)W'(u)duC'. (35)

0
B'SiB = B'SB. (36)

Proof. All relations follow from Lemma 1 except the second. If we solve for
Iy in the eq. (27), insert the solution into (28), and use the definition of S, in



244 S. Johansen, Statistical analysis of cointegration vectors

terms of the M ’s, then we get

T k—1k-1 T
Sox=T7" Z & X/ +TSpi— Z Z Tt Z EIAXr’—fMUMjk'
r=1 i=1 j=1 =1

(37)

The last term goes a.s. to zero as T — o, since ¢, and AX/ , are stationary

and uncorrelated. The second term vanishes when multiplied by §, since
§'T, = —8’aB’ =0, and the first term converges to the integral as stated.

Lemma 4. The ordered eigenvalues of the equation
NSy — Sk0505150k| =0 (38)

converge in probability to (A,,..., A,,0,...,0), where \,..., \, are the ordered
eigenvalues of the equation

IAB'Z B —BZ0Z0 Z0iBl =0. (39)

Proof. We want to express the problem in the coordinates given by the p
vectors in 8 and vy, where y is of full rank p—r and y’8=0. This can be
done by multiplying (9) by |(B8, )| and |(8, y)| from the left and right, then
the eigenvalues solve the equation

A[ﬁ’skkﬂ B'Skkv] ) [B'Skosoa‘sow B'Skosmlsm]

, =0.
YSiB ¥'Siy Y'Sk0S00'SoxB  ¥'SkoSo0"SoxY

We define A4, = (y'S,,y) "'/ so that by (35), 4,5 0. Then the eigenvalues
have to satisfy the equation

A B'SiiB B'SiyAr
ArY' S 1

_ B’SkoSe0 'S B B,SkOSOBISOkyAT]
ATY'SkoSo0'SokB ATY'SkoSo0 Sox¥Ar

The coefficient matrices converge in probability by the results in Lemma 3,
and the limiting equation is

IA[B’Zkk:B 0] _ [.3'2/(02501201(:3 O] } =0,
0 1 0 0
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or

|)\:3'2kk13 - B’EkozaoIEOkm M| =0

where [ is an identity matrix of dimension p —r, which means that the
equation has p — r roots at A = 0. It is known that the ordered eigenvalues are
continuous functions of the coefficient matrices [see Andersson, Brens and
Jensen (1983)], and hence the statement of Lemma 4 is proved.

We shall need one more technical lemma before we can prove the more
useful results. We decompose the eigenvectors ,B as follows: ,B BX, +yy,,
where %, = (B'8) B8, and y,=(yy) 'yB. Let £=(%,...,%)=
(B'B) B ,B Note that although we have proved that the elgenvalues A, are
convergent, the same cannot hold for the eigenvectors B or X;, since 1f the
limiting eq. (39) has multiple roots then the eigenvectors are not uniquely
defined. This complicates the formulation below somewhat. Let

S(}\) = }‘Skk - SkOSOBISOk-

Lemma 5. Fori=1,...,r, we have
vS(A)v/T 3N ye ['wwducy, (40)
0
5,€0,(T1), £€0,(1), £71€0,(1), (41)
B’S(X,)B%,€0,(T7Y), (42)
y'S(A,)B%,= —v'|T! Z Y ]2 130 B+ 0p(1). (43)

Proof. The relatlon (40) follows directly from (35) in Lemma 3, since by
Lemma 4, 5\ =A,>0.
The normahsatlon ,B’SkkB I implies by an argument similar to that of

Lemma 4 for the eigenvalues of S, that B and hence % is bounded in
probability. The eigenvectors ,8 and eigenvalues X satisfy

B'S(X,)B%,+ B’S(R,)yp,=0, (44)

'S(A;)B%+v'S(R,)vp=0. (45)
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Now (40) and (45) imply that ), € Op(T!), and hence from (44) we find that
B’S(X,.),Biieo,,(T‘l), which shows (42), and also from the normalising
condition, that £'8'S,,B% > I. Hence |£|?| B’S,.B| =1, which implies that
also £7! is bounded in probability, which proves (41). From (37) it follows
that

T
Y'Siot+ YSuBe =yT 1Y X,_,e/ +0p(1).
t=1

Now replace a= —Z2,,8(B'Z,,8)! [see (26)] by the consistent estimate
— SoxB(B’Si.B) 7", then

Y,S( 5‘1):321‘ =Y'SiB(B'SiiB) _1(5\,'.3'Skk,3 - .B'SkoS&)lSOkB)fi
T
=YT™H X X, &1 250 S0k BR; + 0p(1).
=1
The first term contains the factor 8’S(A ;)B%; which tends to zero in probabil-
ity by (42). This completes the proof of Lemma 5.
We shall now choose § of dimension p X (p —r) such that §’a =0 [see

(17)] in the following way. We let P,(A) denote the projection of R? onto the
column space spanned by a with respect to the matrix A71, ie.,

P(A)=a(aA™ ) ta’AL,
We then choose 8§ of full rank p —r to satisfy

88’ =AY (I-P(A)).
Note that 6’a =0, and that §’A8 =1 of dimension (p —r) X (p —r). Note
also that P (A)=P,(Z,) since 2y, is given by (26). This relation is well-
known from the theory of random coefficient regression [see Rao (1965) or

Johansen (1984)].

Lemma 6. For T — o, we have that TA ., ,, ..., TA p converge in distribution to
the ordered eigenvalues of the equation

‘?\'/:BB'du—— j:BdB’j:dBB’ =0, (46)

where B is a Brownian motion in p — r dimensions with covariance matrix 1.
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Proof. We shall consider the ordered eigenvalues of the equation

=0.

['B'Skk'B/T B’SkkY/T] _ :B'SkOSOBISOkB B'SkoSOB1S0kY
Y/SkkB/T Y,SkkY/T Y’SkOSO_E)lSOkB Y’SkOSOBlSOkY

For any value of T the ordered eigenvalues are

fo=(18,) g, = (TA) 7L

Since the ordered eigenvalues are continuous functions of the coefficients,
we find from Lemma 3 that {,,..., i, converge in distribution to the ordered
eigenvalues from the equation

B'ZiZ0 2B B ZrZ%'F
F33..B F'SF

- =

>

0 0
0 y’CleW’du Cy
4]

where F is the weak limit of S,y.
This determinant can also be written as

|.“-B'2k02&)120k:3|

y’CfolWW’du Cy

4 - - ’ — -1,, _
~hF[ 55 - 2520 B(B S w Z0B) B Z 0 F, (47)

which shows that in the limit there are r roots at zero. Now apply (24) and
(25) of Lemma 2 and find that

_ _ , _ -1,, -
2001 - Eoolzokﬂ(ﬁ 2kozoolzok:B) B Ekozool

equals
Z50' (1= P(Z00)) = A7H(I = P,(A)) = 88,

and hence that the second factor of (47) is

y'CfOlWW'du C'y — uF'88'F|,
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which by (33) equals

y’CleW’duC’y—uy’C/leW%SS’/ldWW’C’y’. (48)
0 0 0

Thus the limiting distribution of the p — r largest p’s is given as the distribu-
tion of the ordered eigenvalues of (48).

The representation (17): C=vyr§’ for some nonsingular matrix 7 now
implies, since |y’y| # 0 and || # 0, that

S’fOIWW’du8 - u8’f01WdW’88’j(;ldWW’6

=0. (49)

Now B =§'W is a Brownian motion with variance 8’Aé = I, and the result of
Lemma 6 is found by noting that the solutions of (46) are the reciprocal values
of the solutions to the above equation.

Corollary. The test statistic for Hy: II = aff’ given by (4) will converge in

distribution to the sum of the eigenvalues given by (46), i.e., the limiting
distribution is given by (18):

n{/OIdBB'(/OlBB’du)lfOleB'}.

Proof. We just expand the test statistic (4),

'4 14
—2In(Q)=~-T ¥ In(1-4,)= Y TA,+o0,(1),
i=r+1 i=r+1l

and apply Lemma 6.
We can now complete the proof of Theorem 3.

The asymptotic distribution of the test statistic (4) follows from the above
corollary, and the consistency of the cointegration space and the estimators of
IT and A is proved as follows. We decompose ,é = 3% + vy, and it then follows
from (41) that 5 !'— B=v)£ 1€ O,(T!). Thus we have seen that the
projection of B onto the orthogonal complement of sp(f) tends to zero in
probability of the order of T-!. In this sense the cointegration space is
consistently estimated. From (11) we find

’ ~ -1 A ’
11 = =S B(BSub) B = — Sz ((B2) Subz™t) (B,
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which converges in probability to

~20B(BZuB) B =ap =1L
From (12) we get by a similar trick that
A A oA Ay —1 2
A= Sp— SOkB(:B,SkkB) B'Sio
P ’ ~lp, ’ ’
= S0~ ZauBBZuB) B Zo=20—a(BZB)e,
which by (26) equals A. This completes the proof of Theorem 3.
In order to prove the Theorem 4 we shall need an expansion of the
likelihood function around a point where the maximum is attained. We

formulate this as a lemma:

Lemma 7. Let A and B be p X p symmetric positive definite matrices, and
define the function

f(z) =In{|z'4z| /|2'Bz|},

where z is a p X r matrix. If z is a point where the function attains its maximum
or minimum, then for any p X r matrix h we have

flz+h)y=f(z) +u{(z’4z) 'WAh— (z'Bz) "WBh} + O(h*).
Proof. This is easily seen by expanding the terms in f using that the first
derivative vanishes at z.
We shall now give the asymptotic distribution of the maximum likelihood
estimator 8 suitably normalised. This is not a very useful result in practise,
since the normalisation depends on 8, but it is convenient for deriving other

results of interest.

Lemma 8. The maximum likelihood estimator ,é has the representation
5} i) -1,,
T|A(B8) BB~ 8]

=v(¥'Sur/T)" 'Y

T
- ’ - ’ - -1
T! Z Xt~k£t:|200120kB(B ZkOEOOIZOkB)
t=1

XB'Z B+ 0p(1), (50)
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which converges in distribution to

1 -1
UU’du) vav,
(fova)
where U and V are independent Brownian motions given by
U=y CW, (51)
’ - -1 ’ —_
V= B’Ekk'B(B Ekozoolzwcﬁ) B'ZrZ0W. (52)
The variance of V is given by
- —1., ’
var(V') = B,Ekkﬁ(ﬁ,zkozmlzokﬁ) B'ZuB—BZB. (53)

Note that the limiting distribution for fixed U is Gaussian with mean zero and
variance

yflUU’duy’®var(V).
0

Thus the limiting distribution is a mixture of Gaussian distributions. This will be
used in the derivation of the limiting distributions of the test statistics [see Lemma
9]

Proof. From the decomposition ,é,- = %, + vy, we have from (45)
) Y ~ ’ -l 2
T(Bi - :Bxi) =Tyy,= — TY('Y S(Xi)y) (7 S(Xr‘)'B)xi'
It follows from (40) and (43) in Lemma 5 that this can be written as
-1 7
Y(Y'Sixv/T) Y’[T—l Z Xl—kE::IE(;OlEOkaAiXi_I +0p(1).
=1
Hence for £ = (%,,..., £,)=(88)"'8’8 and D, = diag(A,,..., X)),
T(B - B%)
T

= Y(Y'SkkY/T)_lY/[T’l Z X,_ket’}z‘?&olzo;cﬁfﬁf‘ +0p(1). (54)

=1
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Now multiply by £7! from the right and note that it follows from (42) that
B'SiBED, = B'SioSa0'SoxB% € 0p(1),

which shows that
a-1 P (s _ -1,
XD 271> (.3 Ekozoolzokﬁ) B zkk,B-

Now insert this into (54) and we obtain the representation (50), which
converges as indicated with U and V defined as in (51) and (52). The variance
matrix for V is calculated from (52) using the relation (26). Similarly the
independence follows from (26).

Lemma 9. The likelihood ratio test of the hypothesis of a completely specified B
has an asymptotic representation of the form

_2ln(Q)—-Ttr{var 28 (/?(Bﬁ) 1,3’,3—,3)’

xS B(BB) BB~ B)} +0s(1), (55)

which converges weakly to

tr{var(V)‘lfoldVU'(fOlUU'du)_1f01UdV'}, (56)

where U and V are given by (51) and (52).
The statistic (56) has a x? distribution with r( p — r) degrees of freedom.

Proof. The likelihood ratio test statistic of a simple hypothesis about 8 has
the form

T{ln[lﬂ'(skk - SkOSoB1S0k)B‘/lB’SkkB|]

—ln[l.é’(Skk - Skoso?)lSOk)m/Uf'Skkm] } .

Now replace 8 by B%~1= B, say, which is also a maximum point for the

likelihood function. Then the statistic takes the form T{f(B)—f (/3)} for
A =5~ SioSx0 Sox and B =S, [see Lemma 7]. By the result in Lemma 7 it
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follows that this can be expressed as
Tu{(B4B) (B-BYA(B~B) - (B'BB) (B-B)B(F-p))
+0,(1(B-8)))
=ru{[(B48) " - (FB8) "[(B-B)SulB-B))
~T{(B4B) (B B)'SwoSea'Sou( B = B)} + O,(T(B - B)).

Now use the result from Lemma 8 that f— 8 & O,(T 1) to see that the last
two terms tend to zero in probability. We also get

LB (Sui = SkoSe0'Soi)B) ™' = [ BBl
—P’ [B,(Ekk - Ekozgolzmc)ﬁ] oo [B/Zkk:B]_l = Var(V)il-

Finally we note that T(,E - BYS, k(,[f ~ B) converges in distribution to

foldVU'(folUU’du)lfOlUdV'.

Now use the fact that for given value of U the ( p — r) X r matrix fOIU dV’ is
Gaussian with mean zero and variance matrix

flUU’du ® var(V),
0

hence the distribution of (56) for fixed U is x? with (p—r)r degrees of
freedom. Since this result holds independently of the given value of U it also
holds marginally. This basic independence and the conditioning argument is
also used in the work of Phillips and Park (1986b) in the discussion of the
regression estimates for integrated processes.

We can now finally give the proof of Theorem 4.

We want to test the hypothesis H,: 8= He.
We now choose ¢ (s X (s—r)) to supplement ¢ (s X r) such that (¢, ¢)
(s X s) has full rank. We can choose ¢ such that Hy =yn for some 7

(p—r)X(s—r).
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The test statistic (16) can be expressed as the difference of two test statistics
we get by testing a simple hypothesis for 8. Thus we can use the representation

(55) and (50) for both statistics and we find that it has a weak limit, which can
be expressed as

~2In(Q) > u{var(V)'lfoldVU/(f;UU'du)_1f01UdV'

_1f1 1 -1
—var(Vy) ‘fo dVHU,}(fO UHU,;,du) fOUHde;},

where
Uy=y'HCW=9yCW=7U,
and
’ rry’ - -1 1 IF? -
Vy=9¢'H EkkH‘P(‘P szozoolzokH(P) P I'Izk()E()()lW= V.
Thus

w 1 1 B!
—2In -t dVU’( UU’du) udr’
@ > flavef !
1 1 IRy )
—f dVU'n(n'f UU’dun) n’f Udv’ [var(v) }
0 0 0
For fixed value of U the (p — r) X r matrix

-1/2 _
Y=(f1UU’du) flUdV’var(V) 12
0 0

is Gaussian with variance matrix /® 1. Let %= ( [fUU’du)" /%5, then the
decomposition into independent components, given by

tr{Y'Y}= tr{Y'(I—ﬁ(ﬁ'ﬁ)”ﬁ')Y} +eu{ YR(7F) 7Y ),

shows that each term is x? distributed with degrees of freedom r(p —r),
r(p —s)and r(s — r), respectively. Thus the limiting distribution of —2In(Q)
is for fixed U a x? distribution with ( p — s)r degrees of freedom. Since this
result does not depend on the value of U it holds marginally. Thus the proof
of Theorem 4 is completed.
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