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Abstract— In this work we propose a method for sub-
segmentation of images using the PFCM clustering algorithm.
The sub-segmentation consists of �nding, within the clusters
found using the segmentation process, those data less
representative, or atypical data, belonging to the clusters.
These data represent, in many cases, the zones of interest
during image analysis. Two different examples are used in order
to show the results, and the advantages of identifying those
elements of data forced to belong to a cluster, of which they are
the less representative and, therefore may contain information
of great interest in particular applications.

Keywords: Image processing, Fault detection, diagnostics
and prognostics.

I. INTRODUCTION

Image segmentation is an important task in the �elds of
image processing and computer vision. The main objective
of image segmentation is to �nd objects or regions with
the same characteristics. Several segmentation methods exist
[1], [2], such as edge detection, region growth, histogram
thresholding, clustering, neural networks, etc. The objective
of the clustering process is to �nd pixels groups with a
similar gray intensity, or more or less homogeneous groups.
The similarity is evaluated according to a distance measure
between the pixel and the prototypes of the objects or regions,
and each pixel is assigned to the nearest or most similar
prototype. However, this process must distribute all data
to the different groups, even if some pixels are not very
representative of the group as a whole.

For this reason, in many cases it is not suf�cient to
identify the groups or objects of an image, but to distinguish,
through the variations in intensity, the imperfections present
in an image. For the two examples considered in this work
these imperfections could be the result of a light re�ection
over the image but, and this second case is a very interesting
one, this could be real imperfect characteristics that can be
used aid in image analysis, e.g in diagnosis.

Atypical data are generally dif�cult to detect because
they are present in only a few pixels, and the traditional
process to increase the number of clusters can force us to use
a great quantity of cluster in order to detect the atypical data.

A different approach, as proposed in this work, is to �nd the
normal groups in the image �rst and, inside them, to �nd
sub-groups containing atypical pixels of the different groups,
looking for imperfect characteristics in the image.

In a variety of applications, based on images to detect
the most zones of highest risk, such as the cancer risk
analysis, the less representative data, or that tend to fall
outside of a normal pattern, are precisely the most interesting
because they represent a variation with respect to healthy
tissue. We therefore propose image sub-segmentation as an
alternative to identify this kind of data after an image is
segmented in an acceptable way.

For the image sub-segmentation we propose using the
Possibilistic Fuzzy c-Means (PFCM) [3] clustering algorithm,
which �nds pixels with a similar intensity level of gray and
groups them together into a determined number of classes or
objects. For the two cases presented in this work, the images
are represented in gray levels and, particularly, we use only
one characteristic corresponding to the intensity level of each
pixel.

The purpose of this work is to �nd sub-clusters utilizing of
the advantages offered by the PFCM clustering algorithm,
which has the qualities of both the Fuzzy c-Means (FCM)
[4] and the Possibilistic c-Means (PCM) [5]. The FCM help
us to create groups of pixels, whereas the PCM helps us
to identify sub-groups, or atypical data, inside each group.
We use the typicality values and each group is divided in
two sub-groups, the sub-group of typical data or data with
typicality values greater than a speci�ed threshold. The other
sub-group contains the atypical data or data with typicality
values below the established threshold.

The next section presents the PFCM algorithm. The Section
III contains the results of segmentation and sub-segmentation
of two kinds of images. The Section IV contains the main
conclusions of this work.
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II. CLUSTERING ALGORITHMS

In this work we take advantage of the qualities of the fuzzy
and possibilitic clustering algorithms in order to �nd c groups
in a set of unlabeled data Z = {z1, z2, . . . , zk, . . . , zn} in
a M-dimensional space, that is, the nearest data zk to a
prototype, or group center, vi, belong to this group. The
membership of each data zk to the different groups depends
on the kind of partition of the M-dimensional space where
data are de�ned. This way, a partition can be either: strict,
fuzzy, or possibilistic.

The strict partition of the space for a data set
Z(k) = {zk|k = 1, 2, ..., N}, of �nite dimension and c
center of groups, where 2 ≤ c < N , is de�ned by (1),
(2) de�nes the fuzzy partition, whereas (3) de�nes the
possibilistic partition.

Mhc =
{

U ∈ �c×N |μik ∈ {0, 1},∀i and k;

c∑
i=1

μik = 1,∀k; 0 <

N∑
k=1

μik < N,∀i
}

; (1)

Mfcm =
{

U ∈ �c×N |μik ∈ [0, 1],∀i and k;

c∑
i=1

μik = 1,∀k; 0 <

N∑
k=1

μik < N,∀i
}

;(2)

Mpcm =
{

U ∈ �c×N |μik ∈ [0, 1],∀i and k;

∀k,∃i, μik > 0; 0 <

N∑
k=1

μik < N,∀i
}

.(3)

A. Fuzzy c-Means algorithm

The Fuzzy c-Means (FCM) [4], [6] is an algorithm that
calculates a membership degree for each point (zk) for each
of n different groups Ai, i = 1, . . . , c. The sum of the
membership degrees of a point must be equal to one. However,
a problem arises when there are several equidistant points from
the center of the groups, because the FCM is not able to detect
noise or nearest and furthest data from the prototypes. Pal et
al [7] show an example with two points of data points in
the boundary of two groups, one point near to the prototypes
and the other one far away from them. This must be handled
with care, as both points are not equally representative of the
groups, even if they have the same membership degrees. One
way to overcome this inconvenience is to use a possibilistic
algorithm.

B. Possibilistic c-Means algorithm

The Possibilistic c-Means clustering algorithm (PCM) [5]
is based on typicality values and relaxes the constraint of
the FCM concerning the sum of membership degrees of a
point to the n groups, which must be equal to one. Thus, the
PCM identi�es the similarity of data with a given number or
prototypes using a typicality values that takes values in [0,1].

The nearest data to the prototypes are considered typical data,
further data are atypical and data with zero, or almost zero,
typicality values are considered noise.

To avoid an initial problem with this algorithm, as sometimes
the prototypes of different groups coincided [8], even if the
natural structure of data has well delimited different groups,
Tim et al [9]–[11] have modi�ed the objective function to
include a constraint that there is a repulsion between the
groups, thus avoiding identical groups when they must be
different.

C. PFCM clustering algorithm

Pal et al. [12] have proposed to use the membership degrees
as well as the typicality values, looking for a better clustering
algorithm. They called it Fuzzy Possibilistic c-Means (FPCM).
However, the sum equal to one of the typicality values for
each point was the origin of a problem, particularly when the
algorithm uses a lot of data.

In order to avoid this problem, Pal et al [3] proposed
to relax this constraint and they developed the PFCM
clustering algorithm, where the function to be optimized is
given by (4)

Jpfcm(Z; U, T, V) =
c∑

i=1

N∑
k=1

(aμm
ik + btηik) × ‖zk − vi‖2

A +

c∑
i=1

δi

N∑
k=1

(1 − tik)η, (4)

and subject to the constraints
∑c

i=1 μik = 1∀k;
0 ≤ μik, tik ≤ 1 and the constants a > 0, b > 0,
m > 1 and η > 1. The parameters a and b de�ne a
relative importance between the membership degrees and
the typicality values. The parameter μik in (4) has the same
meaning as in the FCM. The same happens for the tik values
with respect to the PCM algorithm.

Theorem PFCM [3]: If DikA = ‖zk − vi‖A > 0, for every
i, k, m, η > 1, and Z contains at least c different patterns,
then (U, T, V ) ∈ Mfcm × Mpcm × �c×N and Jpfcm can be
minimized if and only if

μik =

(
c∑

j=1

(DikA

DjkA

)2/(m−1)
)−1

(5)

1 ≤ i ≤ c; 1 ≤ k ≤ N

tik =
1

1 +
(

b
γi

D2
ikA

)1/(η−1)
(6)

1 ≤ i ≤ c; 1 ≤ k ≤ N

vi =
N∑

k=1

(aμm
ik + btηik)zk

/ N∑
k=1

(aμm
ik + btηik), (7)
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1 ≤ i ≤ c.

The membership degrees are calculated with equation (5), the
typicality values with (6) and for the prototypes the equation
(7) is used.

The PFCM clustering algorithm uses four parameters,
(a, b, m, η), where m de�nes the fuzziness level of the
partition, η de�nes the possibilistic level of the partition,
whereas a and b weigh the relative importance between the
fuzzy and the possibilistic approaches. Even if the parameters
m and η can take any value in a wide interval, it is classical
to use 2 for both parameters. The relative value between a
and b offer the option that the results (the prototypes for
example) of the PFCM depend more on the fuzzy values
or on the typicality values. If a is greater than b, the fuzzy
values have a more important weight on the calculus. On the
other hand, if b is greater than a, then the typicality values
have a more important in�uence on the results. In order to
reduce the noise effects, this last relation must be applied,
that is, the value of b must be greater than a [3].

Using the fuzzy membership and typicality values it is
possible to identify the groups and the most representative
data. We therefore use them but we are interested in the
atypical data instead of the typical data. With these atypical
data we build the sub-groups.

III. SEGMENTATION WITH THE PFCM ALGORITHM

In this section we apply the PFCM algorithm to the
image segmentation. Speci�cally, we use the membership
μik and the typicality values tik, as a way to �nd more
information directly related with data that are dissimilar
to the groups found in the image. We use two kinds of
images, a drop of milk, see Fig. 1(a), and a mammogram, see
Fig. 2(a) and Fig. 2(c). All the images are given in gray levels.

For the image segmentation we use only the intensity
level of pixels as a characteristic to train the algorithm. The
selected values for the parameters of the algorithm, for all the
images, are: a = 1, b = 2, m = 2, η = 2. In the drop of milk
image two classes can easily be identi�ed, one representing
the drop of milk and the other the background. Applying
the PFCM algorithm for the identi�cation of two classes,
they remain represented by the membership matrix U of
membership degrees and the typicality matrix T of typicality
values. The Table 1 contains the values of the prototype
centers for both classes.

TABLE I

CALCULATED PROTOTYPES WITH THE PFCM ALGORITHM FOR THE

IMAGE OF FIG. 1(A).

PFCM (a=1,b=2,m=2,η=2)
v1 v2

187.6164 49.0242

(a)

(b)

(c)

(d)

Fig. 1. (a) Drop of milk image. Segmentation with the PFCM: (b) in two
groups with the membership matrix U, (c) in two groups and two sub-groups
with the matrix T, and (d) in four groups with the membership matrix U.
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Each pixel zk of an image produces one vector μik in the
membership matrix U, and another tik in the typicality matrix
T. The membership matrix U has the constraint that the sum
of each vector μik must be equal to one as previously speci�ed.

The groups are built from the membership matrix U = [μik]
associating the pixel zk to the group i which has the maximum
membership degree. Fig. 1(b) shows the identi�ed groups with
U for the drop of milk image. Fig. 1(c) shows two groups
and two sub-groups when the typicality values are used. In
a more classical approach, Fig. 1(d) contains four groups
resulting from the segmentation of the image using the U data.

The criterion to assign a pixel zk to a group i is based
on the maximum membership degree of the pixel to the
groups. However, as we only have two classes and the sum
of the membership degrees must be one, we can use 0.5
as the threshold to establish the limits of the groups. Fig.
1(b) shows the results with the drop of milk image, where
the white color represents the drop of milk, and the black
color the background of the image. This result is similar to
that obtained with the FCM algorithm. It represents a good
segmentation between the drop of milk and the background,
except that region in the lower part of the drop of milk, a
consequence of its shadow, because it has a gray intensity
level close to the value of the prototype (49.024) for the
background.

Additionally, the typicality matrix T = [tik] is used to
�nd the sub-groups into each group. This is done by
establishing a threshold α for the typicality values tik such
that each group is divided into typical and atypical data. Data
with typicality values above the threshold α are considered
typical, and data with typicality values below α are considered
as atypical and they are the elements of the sub-groups. The
�rst step is to identify the group of each pixel and then decide
which points belong to a group and which to a sub-group.

Fig. 1(c) shows the results of segmentation and sub-
segmentation of the image with the typicality values tik and
a threshold α = 0.2, according to the approach previously
described. Each group and sub-group is represented by
different color; dark gray and black represent the drop of
milk and background respectively, and white and light gray
represent the corresponding sub-groups. Comparing the pixels
of a sub-group with the elements of its corresponding group,
results in a set of elements (the furthest elements from the
prototype belonging to this group) that clearly differs from
the most representative elements of the corresponding group.

This allows for detection of pixels belonging to the
drop of milk and pixels with a marked difference result, in
this example, in the illumination. Fig. 1(d) shows the results
of the segmentation with the PFCM using four groups and
the membership matrix U only. A comparison between Fig.

(a)

(b)

(c)

(d)

Fig. 2. (a) ROI image of a mammogram A, (b) two groups and two sub-
groups of mammogram A using the matrix T, (c) ROI image of mammogram
B, and (d) two groups and two sub-groups of mammogram B using the matrix
T.
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1(c) and Fig. 1(d) shows the different results according to the
selected approach, and the values of the approach proposed
in this work.

Usually, the most important regions in a mammogram
are those pixels with a marqued difference in the intensity
level with the regions considered as normal. However, the
pixels of most interest are the brighter ones. These pixels
can be microcalci�cations, which are not always so easy to
identify, and they are the regions the experts are looking for
such that the microcalci�cations could be classi�ed as benign
or malign.

Fig. 2(a) and Fig. 2(c) show two mammogram images.
Fig. 2(b) and Fig. 2(d) contain the results when the PFCM
algorithm is applied to identify the groups and sub-groups.
Fig. 1(b) shows the results when the threshold is α = 0.2 and
the PFCM is applied to the mammogram A. In this case, the
sub-groups represent points of much interest for detection of
breast cancer, because these tissues are less representative of
healthy tissue and they can correspond to microcalci�cations.

For the results of Fig. 2(d) the selected threshold was
α = 0.05 because microcalci�cations of the mammogram
with region of interest (ROI) image show a marked difference
and they can easily be distinguished from the healthy tissue.
That is the reason why their typicality values tik are so
small. So, the α threshold plays an important role for the
image sub-segmentation, and it depends on the gray intensity
variations on the image.

Unlike in the drop of milk image, in this case the sub-
groups can be used as an aid to medical diagnosis. However,
both examples show the practical utility of atypical data
identi�cation in segmented images.

IV. CONCLUSIONS

In this work we have proposed to use the PFCM clustering
algorithm for image segmentation and furthermore to �nd
sub-groups that allows us to obtain more information that
aid in diagnosis (for example). In one of the two kinds of
images used, the drop of milk, it was possible to identify
some imperfections corresponding in this case to effects of
illumination. For the other kind of image, the mammography,
the sub-groups represent tissue with characteristics that differ
from normal tissue, and this could be bene�cial during the
cancer risk analysis, as these are the kind of characteristics
experts look for. Thus, for applications such as mammograms,
atypical data could be of greater interest than typical data of
the same group. In a forthcoming work we are going to study
the impact of the PFCM parameters on the results.
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