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angular fuzzy number and introduce an approach to defuzzify a general fuzzy quantity.
For such a problem, first, the fuzzy triangular number is approximated to its nearest sym-
metric triangular number, with the assumption that all decision variables are symmetric
triangular. An optimal solution to the above-mentioned problem is a symmetric fuzzy solu-
tion. Every FLP models turned into two crisp complex linear problems; first a problem is
Fuzzy numbers designed in which the center objective value will be calculated and since the center of a
Linear programming fuzzy number is preferred to (its) margin. With a special ranking on fuzzy numbers, the
Multi objective linear programming (MOLP) FFLP transform to multi objective linear programming (MOLP) where all variables and
parameters are crisp.
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1. Introduction

Concept of decision analysis in fuzzy environment was first proposed by Bellman and Zadeh [1]. Some researchers have
proposed several fuzzy models [2-7]. Other kinds of FLPs have also been considered in [2,8-18]. However, in all of the above-
mentioned works, those cases of FLP have been studied in which not all parts of the problem were assumed to be fuzzy, e.g.,
only the right hand side or the objective function coefficients were fuzzy; or the variables were not fuzzy. In this paper, we
consider a problem in which that all variables and parameters are fuzzy triangular asymmetric numbers with certain con-
ditions. Fully fuzzified linear programming problem, solution and duality have been studied in [19]. The authors in [19] used
the possibilities mean value and variance of the fuzzy numbers and considered symmetric triangular fuzzy numbers data. In
this manner, the coefficient vector in the objective function or the coefficient matrix of the constraints contain fuzzy ele-
ments. We will propose the nearest symmetric triangular approximate (defuzzification approach). Defuzzification methods
have been widely studied for some years and were applied to fuzzy control and fuzzy expert systems. The major idea behind
these methods is to obtain a typical value from a given fuzzy set according to some specified characters (center, fuzziness,
gravity, median, etc.). In this paper, we use the concept of the symmetric triangular fuzzy number and introduce an approach
to defuzzify a general fuzzy quantity. The basic idea of the new method is to obtain the “nearest” symmetric triangular
approximation of fuzzy numbers which is a fuzzy quantity defined in [20]. Fuzzy linear programming with a multiple objec-
tive linear programming problem (MOLPP) has been considered in [17,21,11]. For solving a full fuzzy linear programming
problem, we consider the ranking of the constraints. The paper is organized as follows: In Section 2, we note symmetric
triangular fuzzy numbers, then we have a multiple objective linear programming problem. This MOLPP has two objective
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functions whit ordinal preference. Then we use the lexicographic method to solve it, and because of the existence of fuzzy
inequalities in properties of fuzzy numbers and the MOLPP, in Section 3 we explain a fuzzy linear programming; in Section 4
we have an example; conclusion is drawn in Section 5.

2. Preliminaries

We represent an arbitrary fuzzy number by an ordered pair of functions u =: (u(r), u(r)), 0 < r < 1, which satisfy the fol-
lowing requirements:

r) is a bounded left continuous nondecreasing function over [0,1].
r) is a bounded left continuous nonincreasing function over [0,1].
r) and u(r) are right continuous at 0.

r)<u(r),0<r<1.

e o o o
== slis

A crisp number o is simply represented by u(r) =u(r) =o, 0<r< 1.

Definition 2.1. C; = Core(it) = 1(1) = u(1); and wk = C; — u(0) > 0 and w® = 5(0) — C; > O are the left and right margins of
a.

Definition 2.2. The fuzzy number t=: (C;—wh+whr, G + Wk — whr) =: (C;,wt, wk),0<r<1isan asymmetric triangular
fuzzy number ATFN. As a matter of fact C; — WL + WLr =t(r) and Ci + WE — whr = £(r) where G;, wt,wf € ®. Let AS.T be the
set of all ATFN.

A conventional fuzzy number is the symmetric triangular fuzzy number S[x,,6] where wk = wf = ¢ centered at x, with
basis 2g. Its parametric form is S[x,,0] = (X, — 0 + 1(0).Xo + 0 —1(0)): = (X0;0),0 <7 < 1 which X,, 5 € R, X, is the center and
o > 0 is the margin of S[x,,0] and it is called symmetric triangular fuzzy number (STFN).

Let S.T be the set of all STFN.

Therefore the following properties for the AST are satisfying in the ST.

Definition 2.3. Let = (C;,wk,wk), il = (Co, w5, wh) € AS.T and k € ®, by using extension principal we can define:

1. t = i1 if and only if C; = C; and wh = wh and w§ = wk.
2. t+ = (Cy +Cy, Wk + wh, wh +w2)
3
. kCy, kwh ke k>0
I N 2.1)
(kCy, —kw}, —kw}), k<0
Definition 2.4. For two fuzzy numbers in parametric forms & = (t(r),£(r)), & = (u(r),%(r)) we have: it = h = (h(r), h(r))

where h(r) = Min{t(r)u(r), E(r)a(r), E(ryu(r), t(r)i(r)}, h(r)) = Max{t(ryu(r), §(r)i(r), ((r)u(r), ¢(r)(r)} for example for two posi-
tive AS.Tst = (C; +wh(r—1),G+wk(1 -r1)), and 1 = (C; + wE(r — 1), Cy + wi(1 — 1)) where CG; —wt > 0 and C; —w} >0
we have: fil = (C;Cy + GWh(r — 1) + wh(r — 1)Cy + WHwh (r — 1)*,C;Cy + GwR(1 — 1) + W (1 — r)Cy + wrwB(1 —1)?). Suppose

Ac EjX’L,E is/tlle eucludian space of fuzzy numbers. X = (ty,L2,. .. ,fn)T and Y = (U, Uy, ... ,ﬂn)T are ATFN vectors this means
that X,Y € AS.T". Now we have

1. Core(X +Y) = Core(X) + Core(Y).
2. Core(AX) Core(A)Core(X).
3. AX +Y) = AX +AY.

Definition 2.5 (Ordering on S/.T). Let £ = (X,;01) and il = (x,,; 02) are STFNs. We say t<* if and only if:

1. X, < Xo,0T
2. Xo, = X,, and g1 > 0.

In the case equality we have t="i1 if and only if ((x,, = Xo,) A (01 = 02)).
And t<*u if and only if (f<*u v t=*i) it means that:

(X0, < Xo,) V [(Xo, = X0, A O1 > 02) V (Xo, = X0, AG1 = G2)], that is equivalent with the following relation: (x,, < X,,)V
[(X01 =Xo, NO1 = 0-2)] ~
Its clear that by this definition STFN's have the triple axiom. For any £, € S.T we have only one of these (t<*1i,

i, £>*10).
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2.1. Nearest symmetric triangular defuzzification

Let @i be a general fuzzy number and (u(r),u(r)) be its parametric form. To obtain a symmetric triangular fuzzy number
which is the nearest to @i, we should minimize:

1 r1
D? (i1, S[x,, 6]) = / (u(r) — S[xo, 0)(r))*dr + / (@(r) — S[xo, a](r))*dr 2.2)
Jo — Jo
With respect to x, and a. If S[x,,0] minimizes D({1,5[x,,5]), S[X,,0] provides a defuzzification of & with a defuzzifier x, and o. In
order to minimize D({,S[x,,0]), we consider

aD(a,asg.,, D _, (2.3)
(@, ;x[x D _, (2.4)
the solution is
o= [ @n - uirya - ndr 22
X :% /0] (U(r) +u(r))dr (26

i.e., the nearest symmetric triangular defuzzification of @ is given by the Center x, (2.6) and fuzziness ¢ (2.5).

3. Full fuzzy linear programming problems

In this section we are going to reduce the following FFLP (3.7) to two crisp LPs.

Max <C~, wk, w5> <C~7 wk, w5>
C C C X X X

s.t. (C;, Wi, w%) (Cowe wd )= (G whwe) (37)

C~—wk >0
X X

(C;,wi,w‘i) e NST"

Y e (Cewt WRY Hhe (- vt WRY A — (Ce vAuR )Y C — ([C~ wk wR ) (- — - _
where X i(CX7W}7W;>,b = (Cb,wB7wB)7A = (Cj,\:v;l/v;),ﬁf (CC,W?WZ)N, CX = C?re(X), Eb = C(ire(b), CA ngreEA):
CF = Core(C), W, Wy, W, w- are the margins of X, b, A and C, respectively. A€ E™",bc E", Cand X € E" and A, C, X, b

are arbitrary fuzzy matrix and fuzzy number vectors. Where CZ —wk >0, CF —wk >0andCj — wlL; > 0. We apply the fuzzy
A C

production of two positive fuzzy asymmetric parameter numbers, and with the Egs. (2.5) and (2.6); Xoy O )
~ o~~~ ~ cX
(xow, a;;), (Xo,, 05)Will be the nearest symmetric triangular fuzzy numbers to CX, AX, and b, that are derived from the fol-
AX

lowing relations:

1 1
"2}23/2/0 (CoC 4 CwR (1 1) £ WAC, (1 — 1)+ whwA (1 — 1)1 —r)dr—3/2/0 (CoC; + Cowk(r— 1)
+WECL(r = 1) + whwk(r - 1)1 —r)dr

= 1/2C-R +1/2WRC~ + 3/8WAWR + 1/2C-wh + 1/2WAC~ — 3/8whwk, (3.8)
Cc X c X Cc X C X c X Cc X

1 1
= ~C~ 4+ C~-whk(1 — RC~(1 — RWR(1 = 1)? ~C~ Wk (r —
xmc,;_uz/0 (CC5 + CWR (1 = 1) + WAC(1 = 1) + WRwE(1 = 1) )dr+1/2/0 (C:C + Cwh(r = 1)
(7 — Lwk (r — 1)2
+WLECx(r ])+WLCWX(I‘ 1)%)dr
= C-C~ + 1/AC-WR + 1/4WRC~ + 1/6WAWR — 1/4C-wh — 1/4WEC~ + 1/6whwk (3.9)
c X C X c X c X C X c X c X
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And for the constrains we have:
0 =3/2 /0] (C;C; + GWA (1= 1) + WACL (1 — 1)+ wAWA(1 —1)*)(1 — r)dr - 3/2 /01 (C;C; + Cwk(r—1)
+WECL(r = 1)+ Whwk (r = 1)°)(1 — r)dr
= 1/2C;WR +1/2wWRC5 + 3/8WAWR 1+ 1/2C,wh 4+ 1/20AC; — 3/8whwk, (3.10)
X =112 '/01 (C;C + CWA (1 1)+ WACL(T — ) + whwA (T — 1))dr +1/2 '/Ol(czcg WA (r— 1)

+WEC(r — 1) + Whwk (r — 1)) dr

= C~C~ 4+ 1/4C-wWR +1/4WRC~ + 1/6WRWR — 1/4C~wk — 1/4WEC~ + 1/6wWhwk, (3.11)
A X A X A X A X A X A X A X
For the right hand side of the constraint we have:
Gy =3/2 [y (Cy+WE —wEP)(1 = r)dr — 3/2 [§(C; — Wk + Whr)(1 — r)dr = 1/2w8 + 1/2wt, (3.12)
Xop =3 fol((CB +wE —win) + (G —wt + win)dr = C; + 1/4wf — 1/4wt, (3.13)

We could view the problem (3.7) as (MOLP). In (3.14) we will have GEE = Fo(X) in the first criteria and in the (3.15) we will
have w— = F;(X) in the second criteria. In the constraints we will have C-— = C; and w~— = w;, noting the Definition 2.5 for
ranking the fuzzy numbers, for maximizing the objective function of problem (3.7), we must solve a maximization problem
for the Core and a minimization problem for the margin. Suppose that S = {)~( | AX="D, C} — W’; >0,Xe N?T"}. We know

the preference of core of solution respect to margins is ordinal, then by applying the lexicography rule we will have the
following formal representation for the Center and Fuzziness problems:

Max  Fo(X) (3.14)
s.t. XeS

and the problem of fuzziness is as follows:

Min Fy(X)
st. XeS (3.15)

%

CcX
where a’ is the optimal value of the objective function of (3.14). The last condition is a guarantee for satisfying the optimal
solution of (3.15) in (3.14). By solving (3.5) we derive one of the pareto optimal solution. We will have the following problem
for (3.14):
Max C~C~ + 1/4C-wWR +1/4WRC~ + 1/6WRAWR — 1/4C-wh — 1/4WEC~ + 1/6Whwk
c X [ c X c X c x c X c X
t. C~C~+1/4C-wR +1/4WRC~ +1 RWR —1/4C~wk — 1/4WEC~ + 1/6whwt
S G+ Pl / WACX+ /GWAWX / e / wCs o+ / Wew
=Gy + 1/4wf —1/4wt,
1/2C-wR +1/2wkC~ RWR +1/2C~wk +1/2wWLC~ — L wk
/ CAWX+ / WACX+3/8wAwX+ / CAWX+ / WACX 3/8wAwX (3.16)
=1/2w8 +1/2w;

C~—wk >0
X X

wk >0wk >0
X X

1. If (3.16) has a unique optimal solution (C},wk,w’i), then it is a pareto optimal solution of (3.7).
X X

2. If (3.16) has alternative optimal solutions, then (C;, WL;, w%) is a pareto optimal solution of (3.7) if it is optimal solution of
(3.17).

If problem (3.16) has a unique optimal solution then we have obtained the optimal solution of problem (3.7), otherwise it
means that problem (3.16) has alternative optimal solutions, we solve (3.17) on the optimal solutions set of the problem
(3.16). The objective function of (3.17) is the minimization of the margin of the objective function of the principal problem.
The constrains of (3.17) are similar to the constrains of (3.16) it means that the center and margin of the constrains of the
principal problem besides an additional constraint related to the optimized value of the first problem (maximization for the
center of the principal problem). If the problem (3.16) has alternative solution such that, there are more solutions with
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unique objective function value it means that we derive more fuzzy solutions that their cores are the same, therefore for
ranking the solutions in the basis of the definition (2.5) we must solve the problem related to margin. So we must solve
the following problem (3.17):

Min 1/2CEW§ + 1/2w“éC} + 3/8w§w§ + 1/2CEWL} + 1/2wLEC} - 3/8wLEwL}

st. GG+ 1/4C;w§ + 1/4w§C; + 1/6w§w§ - 1/4C;WL; - 1/4W";C} + 1/6w§w§
=Gy + 1/4wf —1/4wt,
1/2CXW§Z + 1/2W§C} + 3/8W§W§ + I/ZC}TWL} + l/ZW%C; - 3/8W%W»L)Z
=1/2w8 +1/2w}

C~—wk >0
X X

(3.17)

wk>0wk >0
X X

C—~=0a
cX
where a” is the optimal objective value of (3.16).
Remark 3.1. Problem (3.7) is reduced to problems (3.16) and (3.17).
Theorem 3.1. X* = <C); , W’; , W‘)%) is an optimal solution of (3.7) if (C; 7w§? ,w’)%) is an optimal solution of (3.16) and (3.17).

Proof. By contradiction, if X is an optimal solution of (3.16) and (3.17), and it is not the optimal solution of (3.7). By Def-
inition 2.5, there exists a feasible solution of (3.7) , say X°, such: (CHO > CEE«) A (W, < w= ) and we know that Xeisa

feasible solution of (3.16) and (3.17) as well, that is more desirable than X* and this is a contradiction or
(CE}o > CEX*) A (WE}E < Way) that with the above analysis we confronting with a contradiction. O

4. Examples

Example 4.1. Consider the FFLP where C=
b {(411.7571407162)}

AA,\,\
— ke
NAOO
Nh O
N W AN
DAY
N
Il
—
=

b= (539.5,154,220)

The first problem is related to the Core of the solution:

Max a=14.25x; +15.5x; + 11.75x3 + 12x4 — 2.92X} — 3x, — 2.83x; — 2.7x,, + 4.1x] + 4.7}, + 4x5 + 3.3x,
s.t.  10.25x; + 11.25x, + 11.5x3 + 14.5x4 — 2.17x — 2.58x}, — 2.5x; — 3.08x), + 3x] + 3.08x}
+3.17x4 + 4.08x; = 411.25
14x; + 17.25x; + 17x3 + 14.75x4 — 3.16x} — 3.83x, — 3.75x; — 3.3x, + 3.83X] + 4.66x}
+4.75x3 4+ 4.16x; = 556
2.5%1 + 1.5%; + 2x3 + 3x4 — 4.25x] — 5.125x, — 4.875x; — 7}, + 6.125x] + 1.25x, + 6.375x} + 8.25x; = 151
2X1 + 2.5%; 4 3x3 + 2.5x4 — 6.25x] — 7.5x, — 7.375x; — 6.625x), + 7.75x] + 9.375x, + 9.625x; + 8.5x; = 187

X1 7X’1 >0
X3 —X =20
X3 —X3 >0
X4 —X4 =0
X],X2,X3,X4,X/1,X’z,X’;:,,X;l,X'{,Xg,Xg,XZ = 0 (3814, 1025’ 0)
After solving this problem, we have a" =560, y=0 and X* = (0’?63638)91) therefore the second problem is as
follows: (2.675.’0, 0)

Min 3.5%; + 5X; + 3.5x3 4+ 2x4 + 5.625x] + 5.75X, + 5.5.83x} + 5.25x} + 8.25x] + 9.5}, + 8.125xX} + 6.75x
s.t.  10.25x; + 11.25x; + 11.5x3 + 14.5x, — 2.17x; — 2.58x), — 2.5x} — 3.08x), + 3x + 3.08x}
+3.17x4 + 4.08x; = 411.25
14x; + 17.25x; + 17x3 + 14.75x4 — 3.16x] — 3.83x}, — 3.75x} — 3.3x} + 3.83x] + 4.66x}, + 4.75x4 + 4.16x}; = 556
2.5x1 4+ 1.5%; + 2x3 + 3x4 — 4.25x; — 5.125x, — 4.875x} — 7x, + 6.125x] + 1.25x3 + 6.375x4 + 8.25x; = 151
2X1 + 2.5%; 4+ 3x3 + 2.5x4 — 6.25x] — 7.5x}, — 7.375x}; — 6.625x}, + 7.75x] + 9.375x}, + 9.625x} + 8.5x; = 187
14.25x1 + 15.5%; + 11.75x3 4+ 12x4 — 2.92x] — 3x, — 2.83x; — 2.7x}, + 4.1x] + 4.7x} + 4x4 + 3.3x}; = 560
X1 —X1 =0
X, —X% >0
X3—X3 =0
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X4 —X4 =0
X1,X2,X3,X4,X1,X2, X3, X4, X, X5, X5, X > 0.

(37.47,8.33,0)
(0,0,3.82)
(0,0,0)
(2.97,1.18,0)
from the first section of this example related to Core or the second section of the example related to margin into the objective
function of the principal problem, then apart from the operation errors, center of it, is equal to the optimum value of the first
objective function related to Core problem and margin of it, is equal to the optimum value of the second objective function
related to margin problem. It means that the optimal objective value of the principal problem is a fuzzy number and in the

fuzzy format is (560,226.3,226.3).

The solution is X* = and the value of second problem is 226.3732. If we substitute the derived solution

5. Conclusion

This paper, has presented a new method to convert a FFLP into two corresponding LPs. The ordinal preference of the Core
of the solution respect to marriages, cause to attention to the MOLPP technique. By using the relative productions, this tech-
nique could be applied in the subject that the coefficient matrix in the constrains or vector in the objective function, have
negative entries as well. Above proofs for the case minimization analogies. Although we used from C~—wk > 0,
CE — WLE > 0and C; —wi >0, C; — W'Li > 0, the value of the objective functions might be not satisfied in the above fondi-

tions, it may be happens because of the fuzzy production properties (we see in Example 4.1). The FFLP is unbounded if and
only if the problem related to the Center is unbounded.
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