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Abstract—Orthogonal frequency division multiplexing (OFDM)
over wireless channels is sensitive to carrier frequency offset
(CFO), which destroys orthogonality amongst sub-carriers, giving
rise to inter-carrier interference (ICI). Different techniques are
available for estimating and compensating for the CFO at the
receiver. However, in practice, a residual CFO remains at the
receiver after CFO estimation, where the estimation accuracy
depends primarily on the fractions of time and power used by
the estimator. In this paper, we propose to measure the efficiency
of OFDM systems with CFO estimation errors in terms of the
spectral efficiency, which accounts for both, the degradation in
signal-to-interference plus noise ratio (SINR) due to the residual
CFO, and the penalty of the extra power and spectral resources
allocated to achieve the desired CFO estimation accuracy. New
accurate expressions are derived for the spectral efficiency of
wireless OFDM systems in the presence of residual CFO and
frequency-selective multipath fading channel. These are used to
compare between two common CFO estimation methods in wire-
less OFDM systems, namely, the cyclic prefix based and the
training symbols based CFO estimation techniques for fixed and
variable pilot power. These results are further extended to include
OFDM systems with transmit diversity techniques. In addition,
the impact of imperfect channel estimation on the overall spectral
efficiency is also included. Numerical results reveal that the cyclic
prefix based CFO technique is more efficient than the training
symbols based CFO technique when perfect channel state infor-
mation (CSI) is known blindly at the receiver. Furthermore, fixed
pilot power results in a spectral efficiency ceiling as SNR increases,
whereas spectral efficiency increases with SNR without bound in
the equal pilot and signal powers case.

Index Terms—Orthogonal frequency division multiplexing
(OFDM), signal to interference plus noise ratio (SINR), inter-
carrier interference (ICI), carrier frequency offset (CFO), multi-
path fading channels, spectral efficiency.

I. INTRODUCTION

RTHOGONAL frequency division multiplexing (OFDM)

is the method of choice for combating frequency-
selective multipath fading channels, and achieving high spectral
efficiency in wireless communication systems. With the aid of
sufficient cyclic prefix, inter-symbol interference (ISI) due to
multipath fading is completely avoided without the need for
complicated equalizers.
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Since OFDM systems divide the available wide-band
amongst a set of orthogonal overlapping sub-carriers, it is
supremely susceptible to time and frequency synchronization
errors which results in destroying the orthogonality amongst
sub-carriers, bringing about inter-carrier interference (ICI)
which can deteriorate the performance of OFDM systems.

The estimation and removal of carrier frequency offset
(CFO) from the received symbols is critical in OFDM systems.
Several data aided (DA) and non data aided (NDA) CFO
estimation techniques have been proposed in the literature
(e.g., [1]-[8]). DA CFO estimation base the estimate on a
training set of data. Therefore, this kind of estimators lead
to higher estimation accuracy and less receiver complexity,
at the expense of reduced spectral efficiency because of the
periodic transmission of known pilot sequences. On the other
hand, NDA CFO estimation blindly estimates the CFO based
on the statistics of the received data without the aid of training
sequence. Therefore, NDA estimators lead to lower estimation
accuracy and higher receiver complexity at the merit of higher
system throughput. However, despite the fact that CFO estima-
tion and compensation is performed at the receiver, a random
residual CFO still exists which increases at low number of
training symbols and/or low to medium signal to noise ratio
(SNR) region. Further, this residual CFO might degrade the
OFDM system performance.

It is common in most previous research to measure the
performance degradation due to non-random CFO in terms of
the average signal-to-interference plus noise ratio (SINR) (e.g.,
[2], [9], [10]). A lower and upper bound on the average SINR
analysis in the presence of non-random CFO for multipath
fading channels is presented in [2], [10], respectively. Besides,
[9] derived an exact expression for evaluating the average SINR
in the presence of non-random CFO over multipath fading
channels.

Recent analysis on bit error rate (BER) deterioration due
to random and non-random CFO is considered in [11]-[18].
In [16], accurate ICI model in additive white Gaussian noise
(AWGN) channels based on infinite series approximations and
two dimensional characteristic functions for BER of OFDM
systems in the presence of non-random CFO is addressed.
In [15], BER of OFDM systems in the presence of non-
random CFO for multipath fading channels is presented, the
ICI model is approximated by a summation of two independent
complex Gaussian random variables (RVs). The authors in [17]
presented approximate ICI models which consider only the
correlation from the two adjacent sub-carriers, while modeling
the ICI from other sub-carriers as a pure Gaussian RVs ignoring

0090-6778 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



ALMRADI AND HAMDI: SPECTRAL EFFICIENCY OF OFDM SYSTEMS WITH RANDOM RESIDUAL CFO

their correlation with the useful signal component. In [19], an
accurate characterization of the effects of non linear devices
in OFDM signals is addressed, which then used to study the
accuracy of using the Gaussian approximation of OFDM sig-
nals with low and high number of sub-carriers. BER analysis
of binary phase shift keying (BPSK) OFDM with random
residual frequency offset has been addressed in [18] based on
the assumption that the residual CFO being very small.

This paper proposes to quantify the performance of wireless
OFDM systems with different practical CFO estimation meth-
ods in terms of the spectral efficiency, which is a measure of the
average number of information bits that can be transmitted over
the channel per unit time per unit bandwidth (with negligible
error probability). We present accurate expressions for the
spectral efficiency of OFDM wireless systems which take into
account both, the degradation in SINR due to the residual CFO
estimation errors, and the penalty due to the addition of cyclic
prefix as well as the periodic transmission of training symbols
used by the CFO estimators (in the DA case).

More relevant to our work are [20]-[25], where capacity
and spectral efficiency of OFDM systems were presented.
Athaudage et al. [25] addressed the capacity of OFDM systems
in the presence of non-random CFO, whereas [20] considered
the OFDM system capacity in slow fading channels with in-
finite number of sub-carriers. In addition, [22] focused on the
effect of non-random CFO on the spectral efficiency of adaptive
M-ary quadrature amplitude modulation (M-QAM) in OFDM
systems with imperfect channel state information. Further, in
[24], spectral efficiency of multi-carrier code division multiple
access (MC-CDMA) with non-random CFO over multipath
fading is presented. However, all existing research tackles spec-
tral efficiency when influenced by a given non-random CFO. In
practice, the CFO affecting the performance of OFDM systems
is random. For instance, when transceivers use stable crystal
oscillator and omit CFO estimation. Different oscillators (for
different users) could have slightly different frequencies which
can also depend on their temperatures [18]. Our goal is to find
the ensemble average spectral efficiency of a user (not specific
user with constant CFO).

The main contributions of this paper are summarized as
follows:

e Motivated by [26], a new modified formula for evaluating
the spectral efficiency of OFDM systems is presented.
This formula accounts for the extended system resources
of power and bandwidth wasted while substituting not
only for the cyclic prefix inserted to counteract delay
spread, but also for the training sequence transmitted to
estimate and compensate for the CFO. It is to be empha-
sized that increasing the cyclic prefix and pilot sequence
size assures avoiding IST and decreases estimation error,
respectively. However, these are considered as a loss in
the system resources as they do not constitute useful
information. Therefore, too little training symbols and
the CFO is improperly learned, too much training is a
wast of resources. Hence, the trade-off between these two
conflicting factors is explicit in the modified formula for
the spectral efficiency of OFDM systems.
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e Taking into account accurate statistical models for the
ICI, new exact expressions for the spectral efficiency
of OFDM systems in the presence of residual CFO
and multipath fading channels are derived, namely, we
address three cases for the frequency offset; the classical
non-random CFO, random CFO, random residual CFO
when applying a CFO estimator. In addition, the impact
of imperfect channel estimation on the spectral efficiency
of OFDM systems is considered. Also, OFDM systems
with transmit diversity is addressed. As a result, the
new expression for the OFDM system spectral efficiency
requires only a single numerical integration in the case
of non-random CFO, which can be accurately simplified
to a finite summation using the well known Gauss-
Laguerre quadrature method. This is a huge reduction in
the required computational complexity when compared
with the direct method, which requires as much as the
number of sub-carriers numerical integrations.

e Two well known CFO estimators are chosen from the
literature and used to estimate their spectral efficiency.
Here, each estimator variance depends on the training
sequence size and the pilot power. In this paper, variable
and fixed pilot power are considered. When the pilot
power equals the signal power, the estimator accuracy
improves as SNR increases. This is contrary to most
previously published work where they measure the per-
formance analysis of a system with fixed estimation error
variance assuming that the pilot power is fixed regardless
of the signal power. This assumption is commonly used
when no explicit expression is available for the estimator
variance.

The structure of the rest of the paper is as follows. In
Section II, we introduce the system model. In Section III, the
instantaneous SINR is addressed. In Section IV, spectral effi-
ciency analysis is considered. In Section V we include imper-
fect channel estimation. OFDM systems with transmit diversity
is introduced in Section VI. numerical results are provided in
Section VII. Finally, Section VIII concludes the paper.

II. SYSTEM MODEL
The transmitted baseband OFDM signal can be written as

N—-1

1 -
s =—= Y a1, te[-Tg T] (M
ﬁ n=0

where N is the useful number of sub-carriers, T is the length of
the cyclic prefix (CP), and T is the length of the OFDM symbol
duration. Here T = N/R and R is the symbol rate of the input
data to be transmitted. Without loss of generality, we normalize
the time such that R = 1, and therefore, T = N.

In (1), a, is the M-ary complex information bearing symbol
on the n* sub-carrier. It is assumed that a,, n € [0, N — 1]
are zero mean complex RVs with E[a,a,] = 6(n — m)&, Vn,
where §(.) denotes the Dirac’s delta function, [E(.) is the expec-
tation operator, and &, is the energy of the transmitted symbol
on the n’ sub-carrier.
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The channel impulse response of the time-invariant
frequency-selective multipath Rayleigh fading channel is

L—1
h(r) =Y gt — 1) )
=0

where g; and 1; are the complex amplitude and propagation de-
lay of the I"* path, respectively, 7o < 7] < ... < 77_1. It is as-
sumed that g;, [/ € [0, L — 1] are zero mean complex Gaussian
random variables (RVs) with E[glgz] =48 —k)y VI, where
y; = E[| gl|2] assuming that the power is normalized such that
Yion=1

Inter-symbol interference is avoided by choosing the cyclic
prefix duration Tg > 77—1. Therefore, assuming perfect time
synchronization and a normalized residual CFO of A, the
received signal after removing the cyclic prefix is

L-1 N-1

1 5 a -
() = —=e™ TNy g Y @ T 1wy (3)
\/N =0 n=0

where w(t), t € [0, T] is the complex additive white Gaussian
noise (AWGN) with zero mean and two sided power spectral
density Ny/2 per dimension.

The N-point FFT samples at the receiver are

p N T K
=— rlk=)e?>v, p=0,1,...,N—1
=gy (k)

—1N-1L-1

k=0 n=0 [=0

27 . T
glaneJW(”_”+A)ke_Jz””Tl + W) %)

=z~

where w), is a zero mean complex Gaussian RV with var-
iance Nj.

A. CFO Estimators

Different DA and NDA algorithms for CFO estimation have
been proposed in the literature (e.g., [1]-[8]). Schmidl ez al. [8]
divided the training symbols into two identical sets and used
them to estimate the CFO. Authors in [3], [5] based the CFO
estimation on dividing the pilot sequence into K > 2 identical
parts which lead to a better estimation accuracy at the cost
of higher complexity. On the other hand, [1] used the cyclic
prefix to estimate CFO without the aid of training symbols.
Further, [4] and [6] blindly estimate the CFO without the aid
of training data based on the statistics of the received symbols.
Therefore, these CFO estimators trade-off between throughput
and estimation accuracy.

The asymptotic property of the maximum likelihood estima-
tion (MLE) reveals that if the regularity conditions are satisfied
[27], then the MLE of an unknown parameter ® is asymp-
totically Gaussian distributed as O~ N (@ F1 (@)), where
F(®) is the Fisher information. Note that this distribution holds
only when the training sequence size approaches infinity. How-
ever, this is not the case in most practical estimation problems
and CFO estimation is of no exception. Hence, in most practical
scenarios, the estimator variance is higher than the Cramer-Rao
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bound (CRB), and asymptotically attains the bound as the
training symbols and/or pilot power approaches infinity
[27, eqgs. (3.19-3.20)]. Therefore, assuming that the CFO es-
timator is unbiased, the distribution of the normalized residual
CFO (A) estimator adopted in this paper is A ~ A (0, Ui),

which came from the assumption that f. =ﬁ + A, where f, is
the true normalized carrier frequency offset,f; is the estimated
normalized carrier frequency offset. The estimator variance, ai
depends on the method of CFO estimation used. For instance,
when the cyclic prefix is used for CFO estimation, the CFO

estimator variance introduced by [1], [2] is given as

1

2
- 5
%A T 27T, SNRp ©®)

where SNRg is the signal-to-noise ratio during the estimation
phase. On the other hand, when a training sequence is used for
CFO estimation, the CFO estimator variance given by [3] is
given as

3
220N (1 _ %) SNRj

2 _
O =

(6)

where v is the number of OFDM blocks used for CFO esti-
mation,! and K is the number of identical parts in the training
sequence. Observe that when K = 2 in equation (6), it reduces
to the same estimator introduced by [8].

It is to be emphasized that these are just two examples
considered from the literature to introduce the trade-off be-
tween the effect of the loss (in terms of spectral efficiency)
in the cyclic prefix and the periodic transmission of training
symbols used for CFO estimation, which depend on the chosen
method of CFO estimation. It is evident from (5) and (6) that
increasing the training symbols length and/or SNRg improves
the estimation accuracy. However, periodic transmission of long
cyclic prefixes as well as training symbols does not constitute
information. Hence, resulting in spectral efficiency loss. There-
fore, a new expression for the evaluation of spectral efficiency is
proposed, which takes into account the trade-off between these
conflicting factors.

Note that both CFO and channel are jointly estimated in
practice. Therefore, channel estimation errors and CFO esti-
mation errors should be jointly addressed in the performance
analysis of OFDM systems. However, for simplicity, many CFO
and channel estimators published in the literature treat the two
problems separately. For instance, CFO is estimated assuming
perfect channel estimation, and channel is estimated assuming
perfect CFO estimation. In addition, it is seen that CFO and
channel estimators can be decoupled and treated separately
when addressed together. Therefore, frequency offset must be
estimated and compensated for first, then performing channel
estimation. Recently, joint channel and CFO estimation have
been addressed. However, no explicit estimator variances have
been found due to the complexity of the system as an iterative

1n general, v OFDM training blocks is sent every V OFDM blocks to
estimate the CFO first, then estimating the channel after compensating for
the CFO.
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estimation techniques were proposed. Therefore, since the two
chosen CFO estimators assume perfect channel estimation, we
address the effect of frequency offset estimation errors on the
performance of OFDM systems. Moreover, the effect of joint
estimation errors on the performance of OFDM systems is dis-
cussed in Section V, where the joint estimation error variance
for the CFO and channel are approximated by the CRB.

III. THE INSTANTANEOUS SINR

Equation (4) can be rewritten in the following compact form

N—-1

Yp = apC @, p) Hp + Z apc(n, p)H, + Wp

n=0
n#p

@)

where {Hp, Hi, ..., Hy_1} are jointly complex Gaussian ran-
dom variables with zero means and correlations E[H,H] =
Zztol yie 7" (m=m)4  The frequency correlation function
E[H,H;;] in the case of exponential power delay profile is given
by [28]

1
E|H.H| = 8
[FnH ] 1 —j2mo (n—m) ®)
where o is the mean delay spread.
The function c(n, p) in (7) is given by
1 N 2
_ i <X (n—p+A)k
e, p) =5 )7
k=0

_ sinc(n—p+A) jn(l—%)(n—p+A) ©)

sinc (1%, n—p+ A))

It is worth noting that in the ICI free case A = 0, and there-
fore c¢(n, p) = 6(n — p).

The first term in (7) includes the desired signal, whereas the
second term is the ICI due to CFO. Therefore, assuming one
tap equalizer and perfect channel state information (CSI) at the
receiver (the effect of imperfect CSI is considered in Section V),
the p™ decision variable may be written as

Zilv:_()l apc(n, p)H, + Wp

n#p
c(p, p)H,

It can be verified that the N-dimensional random vector H =

(10)

aI,:ap+
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where { denotes the complex conjugate transposition
(Hermitian), and A = E[HH'] is the complex covariance
matrix with entries given in (8).

Most previously published work on the performance anal-
ysis of OFDM systems approximate the ICI component

Zﬁlvz_ol anc(n, p)H, by pure complex Gaussian RVs and ignore
n#p
their cross-correlation with the useful signal component. In this

paper, the ICI term Z;V;Ol apc(n, p)H, is modeled as condi-
n#p
tionally complex Gaussian RVs (with random variance) when

conditioned on H and A. This approximation is justified by the
central limit theorem which is valid here since the ICI term

ZnN;()l anc(n, p)H, becomes a sum of independent RVs when
n#p
H and A are given. However, it is to be emphasized at this point

that this is completely distinct from the classical Gaussian as-

sumption approximation methods where this sum is usually ap-

proximated by a pure Gaussian RVs with non-random variance.
Therefore, when the receiver treats the ICI as an additional

AWGN when conditioned on H and A, the decision variables

(7) become conditionally complex Gaussian RVs. The condi-

tional variances is

Y Enletn, p)I* [Hal® + No

n#p

Var (@, | H, A) = (12)

2
e (p. p)I? [H|
where ¥ ="l p=01,.... N1
n#p n#p
The instantaneous SINR over the p* sub-carrier for a given
realization of H and A becomes a RV given as

2 2
c(p, H
SINR, = e l?' | 2”' 1 (13)
> le(n, PI71HAl" + sxp5
n#p
where SNRp = mSNR is the effective normalized use-

ful symbol signal-to-noise ratio, T is the effective per OFDM
block training symbols length used to estimate the CFO,? and
SNR is the signal-to-noise ratio in AWGN channel in the
absence of ICIL.

Note that for conservation of time and energy, (N + Tg +
Tr) SNR = TgSNRg + TeSNRE + N SNRp, where SNRg is
the signal-to-noise ratio wasted while substituting for the
cyclic prefix. Note also that SNRp = %0 assuming that’ £ =
& =...=Ey—1 = &. [Equation (14), shown at the bottom of
the page].

2To introduce the loss in the extended time due to the addtion of cyclic prefix

T . .
[Ho, Hi, ..., Hy—1]" is a proper complex Gaussian random  ,pq training symbols per OFDM block, we equally divide the OFDM training
vector having a probability density function (PDF) given as sequence length among the (V — v) OFDM data blocks and consider that to be

{ the extended time, Tg = iv\,-
_ T A—l 3Note that without channel state information at the transmitter (CSIT), the
Ju (%) = N [A| exp ( x A x) (1) transmitted power should be spread uniformly amongst all sub-carriers.
2 2 — . 2|H, 2 21 2
lc(p, p)I° |H, | 22 le(n, p)I°|Hy Y lep)PHL\
E |log, | 1+ || = log, e —Ele " —e 7 e /SNRp g (14)
0o <

;,, e, p)I* Hal* + sxi
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IV. SPECTRAL EFFICIENCY ANALYSIS

Spectral efficiency is the average number of information
bits which can be transmitted with an arbitrary small error
probability per unit time per unit Hertz. Therefore, inspired
by [26], the new modified spectral efficiency formula accounts
for the extended system resources of power and bandwidth
wasted while substituting for both, the cyclic prefix inserted to
mitigate ISI, and the training sequence transmitted to estimate
and compensate for the CFO. Therefore, assuming perfect CSI
is available only at the receiver, and that each sub-carrier
is decoded independently, the spectral efficiency of OFDM
systems for a given CFO A is

15)

where « is the fraction of time resources allocated to CFO
and/or channel estimation,* Rp(A) is the conditional average
(ergodic) mutual information over the p’h sub-carrier for a
given A

Rp () =Epja {log, (1 + SINR,)}

e (o, ) |H,|’

1
n;) lc(n, p)I* |Hul* + SNRp

=E|log, | 1+

(16)

Note that Shannon’s Gaussian channel capacity formula is
used in (16). In reality where practical codes and modu-

lation schemes are used, it is common to use the formula

log, (1 + SHER”

denotes the amount of extra coding gain needed to achieve
Shannon capacity.

As far as the evaluation of the average in (16) is concerned,
direct methods to calculate such averages which involve N RVs
require at least N-fold integrals over H. In order to reduce the
required computational complexity, we rely on the following
lemma to transform (16) into a more convenient form which
facilitates the calculation of the required average by using
known results from the theory of Gaussian quadratic forms.

Lemma 1 [29, eq. (6)]: For any x > 0 then

) instead, where I'" is the SNR gap which

log(1 +x) = / l (1 — e_zx) e *dz. a7
0

<

4The loss induced by the addition of training symbols may be seen as V;“.

Therefore, by letting « = % the loss reduces to (1 — ). Note that « = 0 if no
training sequence was transmitted for CFO and channel estimation.
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Corollary 2: A useful corollary to Lemma 1, for any x,
y > 0 then

x L
log{1+=)= —(e Zy—e”y>dz.
y 0o 2

Now, using (18), we can express (16) to get (14).

In (14), the interchange of the integration and expectation
operations is justified by the Fubini’s theorem [30, pp. (200)],
which is applicable because the integrand is non negative.

When comparing equations (16) and (14), it is seen that
the proposed formula has the desirable property that the RVs
{le@, p)I*|Hul*>, n=0, 1,..., N — 1} appear only as a linear
combinations at the exponent. Let us define the joint moment
generating function (MGF) of these RVs as [9]

=Y zule(n, p)ﬂHﬂ}

(18)

M (z0, 215 -, zN1)=IE[e

1
- |1+diag(zo, Zly oo

L aN—1) Ay
(19)

where 3 = 3,7,
is the }}V x N diagonal matrix, A, = C,A where C, =
diag (Ic(0, p)I%, le(1, p)I?, ..., [c(N — 1, p)|?), and A is the
complex covariance matrix of the channel vector with entries
given in (8).

Plugging (19) into (14) yields the new explicit expression for
the conditional mutual information (20), shown at the bottom
of the page.

To summarize, (15) and (20) give the exact conditional spec-
tral efficiency of OFDM system for a given CFO, which in-
volves only one single integration.

Note that to gain valuable insights into the impact of model
parameters on the spectral efficiency of OFDM system, one
can apply Jensen’s inequality to (16) for a closed-form upper
bound. Therefore, for the sake of a closed-form expression of
the average E{SINR,}, Jensen’s inequality can be applied to
get an upper bound to this average as given in [10, eq. (33)].
Therefore, the conditional average mutual information over the
p™" sub-carrier for a given A can be upper bounded as

I is the N x N identity matrix, diag(.)

Ry (A) <log, (1 +E {SINR,})

SNRp + 1

<log,
SNRp <] -

(21)
sin(r A)
Nsin(3;A)

2
)—i—l

In practice, the CFO deteriorating the system spectral effi-
ciency is a random variable. Our aim is to find the ensemble
average spectral efficiency of a user. Therefore, in the absence

1
Rp (D) :logzef - (M(Z, e O ) = MGz z)) ¢~/SNRo g
0o <

(20)
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of CFO estimation, CFO could be modeled as a Gaussian RV.
However, as a worst case performance, CFO is considered as
uniformly distributed RV according to A ~ U(—a, a). Further,
in the presence of CFO estimation, based on MLE asymptotic
property, the residual CFO is modeled as a Gaussian random
variable according to A ~ N (0, ai).

Let us first define the spectral efficiency in general over
any probability density function (PDF) for the CFO, A. The
overall average mutual information over the p™ sub-carrier is
the conditional average mutual information over the p” sub-
carrier for a given CFO A which is given in (16) averaged over
the defined CFO PDF, given as

Ry =Ea [IEH‘A {log2 (1 + SINRP)}] . (22)

The simplified overall average mutual information over the p™
sub-carrier is written as (23), shown at the bottom of the page.

Therefore, when perfect CSI is available only at the receiver,
and that each sub-carrier is decoded independently, the overall
spectral efficiency of the OFDM system may be estimated by

| —a N—-1

R

N—‘,—TGZO P
pP=

Equations (23) and (24) give the exact overall spectral ef-
ficiency of OFDM systems for any given probability density
function for the CFO, A.

As far as the computation of the spectral efficiency in the
presence of ICI due to CFO over correlated fading channels is
concerned, we have been able to derive new exact expressions
for the spectral efficiency which requires only between one
(non-random CFO) to two (random CFO) fold integrations to
evaluate (20) and (23), respectively. Note that direct methods to
calculate such averages (16) and (22) would require at least N
(non-random CFO) to N 4 1 (random CFO) fold integrations,
respectively. Hence, there is a huge reduction in computational
complexity for the evaluation of spectral efficiency of OFDM
systems.

Note that the conditional mutual information in (20) can
be evaluated using the Gauss-Laguerre quadrature rules (25),
shown at the bottom of the page, where A; = SNRppS;, «; and
B; are the i abscissa and weight, respectively, of the " order
Lagurre polynomial, which tabulated in [31, eq. (25.4.45)]. The

(24)
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V. IMPERFECT CHANNEL ESTIMATION

In practice, a training sequence is used to estimate the OFDM
channel after compensating for the frequency offset. Let H),
and H denote the actual channel and the estimated channel
over the p™ sub-carrier, respectively. It is assumed that Hp, and
H are jointly ergodic and stationary Gaussian processes. In
addltlon it is also assumed that the channel estimate H and
estimation error ¢ are orthogonal. Furthermore, the accuracy of
the estimator depends on the training sequence length and pilot
power. Therefore, in the case of imperfect channel estimation,
the p™ sub-carrier channel can be decomposed as

Hy=H, +¢ (26)

where ¢ is the channel estimation error, distributed according to
& ~CN(O0, %2)- It is to be emphasized that the parameter 062
captures the quality of the channel estimation, which depends
on the method of estimation, the training sequence length,
and SNRg.

From (7), assuming one tap equalizer and imperfect CSI at
the receiver, the received symbol over the p”* sub-carrier may

be rewritten as

N-1

Yp=apc(p, p)ﬁp—l—apc(p, p)s—i—z apc(n, p)H, +wp.  (27)
n=0
n#p

Therefore, from the independence between H ', and ¢, the instan-
taneous SINR over the p”* sub-carrier for a given realization of
H and A becomes a RV given as

e (o, P2 |H,|*

e (p, PP o2+ Y le(n, p)* 1Hal* + 55z
n#p

SINR, = (28)

As far as the variance of the estimation errors are concern,
a joint frequency offset and channel estimation for OFDM
systems has been studied in [32]. The joint Cramer-Rao lower
bound gives a lower bound for the variance of an unbiased
estimator, the joint modified Cramer-Rao bound of the CFO and
the channel are (respectively) given as [32]

remainder Ry is sufficiently small for / > 15. o5 = 72SNRE(N — DH(N+1) (29)

1
R, = log2e/ ~En (M(z, L0, D) - Mz, z)) e /SNRp g (23)

0o 2 p
I
o
Rp (L) =logye » - <M(A,~, s 0, o ) = My Ay e x,-)) + Ry (25)
i P b
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and

_1\2
02 > ! <2TG+M). (30)

NSNRg (V1)

In a similar manner to the derivations of (20), we arrive at the
following new expression for the conditional mutual informa-
tion over the p™ sub-carrier for a given A, shown in (31), shown
at the bottom of the page, where here the covariance matrix
Ap = CpA is similar to that of (19) except for the element
A(p, p) which is replaced by A(p, p) — %2-

VI. TRANSMIT DIVERSITY

In this section, the analysis of Section IV is extended to
the case of OFDM systems with transmit diversity. Let the
number of transmit antennas be M, and let the total transmit
power be distributed equally among the transmit antennas. The
conditional average mutual information over the p' sub-carrier
for a given A (16) can be modified to

W le @, p)P |Hy
m

1 2 2 1
EPM%W(’% PP H + sxrp

‘ 2

Ry (A)=E [log, | 1+

(32)
where ) = Z%: 1> c(n, p)H is the ICI component due to the
m

n' sub-carrier and the m™

M.

It can be shown that in the case of independent diversity
channels with perfect CSI at the receiver following a similar
manner to the derivations of (20), we get the following new
expression for the conditional mutual information, given in
(33), shown at the bottom of the page.

antenna element, where m =1,

VII. NUMERICAL RESULTS

We consider a multipath fading channel with exponential
power delay profile. First, with the aid of (8), elements of the
complex covariance matrix A can be evaluated, where the mean
delay spread is chosen as o = 1. The simulation results are
based on the classical method of generating correlated random
numbers. Therefore, since the specified covariance matrix A
is positive semi-definite and its eigen-values are always non-
negative, the Cholesky decomposition method is used to trans-
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form a set of uncorrelated Gaussian random numbers to a set
of correlated numbers of a predefined correlation matrix A
with entries given by5 (8). As a result, the correlation matrix
is decomposed to give a lower triangle matrix L. Therefore, to
get a correlated random numbers with a correlation matrix A,
simply apply the matrix L to a vector of normalized independent
random variables. Finally, the overall simulated average mutual
information over the p”’ sub-carrier (22) can be evaluated by
averaging 10° Monte Carlo simulations of the instantaneous
mutual information log,(1 + SINR;,), where SINR,, is given
by; perfect CSI (13), imperfect CSI (28), and transmit diversity
(32). This is then substituted in (24) to find the overall spectral
efficiency. It is to be emphasized that at high number of subcar-
riers, elements of the correlation matrix A become insignificant
when |n — m| > 20 [9]. On the other hand, for the theoretical
analysis results, A is used to find the MGF by (19), where
this is used to evaluate the simplified overall average mutual
information over the pth sub-carrier given in (23), which is then
substituted in (24) to find the overall spectral efficiency.

In Figs. 1-5, Monte Carlo simulations of the overall average
mutual information over the p sub-carrier which is given by
(22), where the instantaneous SINR over the p”* sub-carrier is
given by (13), with the aid of the overall spectral efficiency
formula (24), is used to validate the new analytical expression
(24), where the overall average mutual information over the
p™ sub-carrier is given by (23). It is seen that the simulation
and proposed analytical expression provide a perfect match
which corroborate the exactness of the proposed analytical
expressions. Note that in Figs. 1-7, it is assumed that perfect
CSlI is available at the receiver, and that the spectral efficiency
is evaluated without taking into account the penalty of the extra
power and spectral resources allocated to channel estimation
assuming that blind channel estimation is performed instead.

In Fig. 1, spectral efficiency (exact and upper bound) against
SNR is shown for non-random A. In the presence of CFO, the
spectral efficiency increases with increasing the SNR (until a
ceiling is reached beyond which the spectral efficiency becomes
independent of SNR), and decreases with increasing the CFO.

SNote that we are alternating between the covariance and correlation ma-
trix since they are equal because the mean of the channel RVs is zero.
The Cholesky decomposition of the predefined covariance matrix A is given

i
as: A = USUT = (Uﬁ) (U\/f) . Therefore, a correlated channel vector

of random numbers is given by H = Lx where x ~ CN(0, Iy), then H ~
CN (0, LL"), where L = UV/X.

|
Rp (D) = 10g26’/ - (M(z, 0, - Mz, z)) = ?lc-pPPoZ +1/SNRp} g,
0 z P

€Y

1
R,,(A):logze/ —(MM(z, R O
0 Z p

c = MMz oz z)> ¢~ M/SNRD g7 (33)
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Fig. 1. Spectral efficiency against SNR for a given non-random CFO with N =
64,0 =0,Tg=8ando = 1.
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Fig. 2. Spectral efficiency against SNR with uniform random CFO, A ~
U(—a, a),for N =64, =0,Tg =8and o = 1.

In addition, spectral efficiency degradation due to CFO is more
severe at high SNR values since the SINR at high SNR is
approximated as signal to interference ratio (SIR) from the ICI
due to CFO. This can easily be seen since SINR = —1—

SIR T5NR

Therefore, for high SNR, SNR > SIR, SINR ~ SIR, and for
low SNR, SNR « SIR, SINR ~ SNR.

In Fig. 2, spectral efficiency against SNR is plotted for
random A. The CFO A is a uniform RV distributed according
to A ~U(—a, a), which is chosen as a worst case scenario
when no CFO estimation is performed. For instance, in mo-
bile systems CFO might be introduced from mobility due to
Doppler shift. It is seen from Fig. 2 that the spectral efficiency
increases with increasing the SNR until a ceiling is reached,
and decreases with increasing the CFO variance parameter a.

2587

Spectral Efficiency (bits/sec/Hz)
.3

Theory
*  Simulation

0 5 10 15 20 25 30
SNR (dBs)

Fig. 3. Spectral efficiency against SNR for the cyclic prefix based (CB) CFO
estimation with SNRz = SNR,N =64, ¢ = 0,ando = 1.

For instance, to compensate for the loss in spectral efficiency
due to random CFO, SNR should be increased from 20 dB to
24 dB in order to achieve 5 bits/sec/Hz when a = 0.1. Further,
spectral efficiency degradation becomes more severe when the
CFO variance parameter a exceeds 0.02.

In Fig. 3, spectral efficiency against SNR is drawn when (5)
is used as the variance of the CP-based CFO estimator A.
Therefore, without the aid of training sequence in CFO estima-
tion, v = 0 since the length of the cyclic prefix is used for CFO
estimation, hence, @ = 0 and Tg = 0. Fig. 3 reveals that as the
cyclic prefix® Tg increases, a degradation in spectral efficiency
is seen when the number of sub-carriers N = 64. Therefore,
even though increasing the cyclic prefix length decreases the
CFO estimation error variance and improves accuracy, the
system resources loss induced during the estimation phase
decreases the spectral efficiency. Hence, there is a trade-off
between the loss in spectral efficiency due to residual CFO
and the loss in system resources while estimating the CFO.
In order to gain more insight into the system, we provide an
approximate closed form expression to the spectral efficiency
with a Gaussian RV A. From (21), with the aid of Taylor series

. 2 2
sin(r A) ~ (rA)
Nen(za)| 1 — 5% [33]. Therefore,

when the residual CFO is distributed as A ~ N (0, O’i), the

expansion, we get

overall average mutual information over the p™ sub-carrier can
be approximated by

SNRp + 1

Ry ~ log, [ ——2 T
g SNRpZo? + 1

(34)

®Note that the loss induced by the cyclic prefix comprises two components:
1) the time to transmit the cyclic prefix and 2) the power which is used to
transmit the cyclic prefix. It is to be emphasized that both these factors are
explicitly included in the spectral efficiency (15) and (16).
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‘N=256, 64,32, 16

Spectral Efficiency (bits/sec/Hz)
N
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Fig. 4. Spectral efficiency against SNR for the training based (TB) CFO
estimation with equal pilot and signal power, ¢ = %, T =8ando = 1.
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Spectral Efficiency (bits/sec/Hz)
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1 ‘ #*  Simulation | 7
E
0 i i i i i
0 5 10 15 20 25 30
SNR (dBs)

Fig. 5. Spectral efficiency against SNR for the training based (TB) CFO
estimation with fixed pilot power, N = 64, « = %, Tg=8ando = 1.

In the CP-based (CB) CFO estimation, we have

N
¥R SNR + 1

N

Ry ~ log,
3T¢(N+Tg) +1

(35)

In Figs. 4 and 5, spectral efficiency against SNR is shown for
the training based (TB) CFO estimation with equal pilot and
signal power, and fixed pilot power, respectively. The estimator
variance is given by (6), for T = 8 and o = 1. Here, the
OFDM training block is divided into two identical parts, K = 2
in (6). It is assumed here that one OFDM block is used for
CFO estimation v = 1 from every nine OFDM blocks V =9,
assuming that the coherence time is at least higher than nine
OFDM blocks so that the channel (which is assumed perfectly
known here) is considered constant each nine OFDM symbols.
Therefore, the fraction of time resources allocated to estimation
isa= %, and the effective per OFDM block training symbol

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 63, NO. 7, JULY 2015
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Fig. 6. Spectral efficiency against the number of sub-carriers, N, for the
training based (TB) and cyclic prefix based (CB) CFO estimation with equal

pilot and signal power, SNR =5& 10 dB, « = % for TB, a = 0 for CB and
o=1.

length is Tp = %. Hence, it is seen from Fig. 4 that the higher
the number of sub-carriers, N and/or SNR, the higher the
spectral efficiency. When comparing Figs. 3 and 4 for N = 64
and T = 8, it is seen that spectral efficiency with CP-based
CFO estimation (Fig. 3) is higher than that of training based
CFO estimation (Fig. 4). In addition, note that in the case
of equal pilot and signal power, in contrast to Figs. 1 and 2,
spectral efficiency increases with SNR without bound as there
is no ceiling in this case. This is justified by the fact that
increasing SNR decreases the ICI through CFO estimation as
SNRE increases. Furthermore, as SNRg approaches infinity, ICI
approaches zero. However, it is also seen that in the fixed pilot
power case Fig. 5, at low SNRg, there is a spectral efficiency
ceiling as SNR increases. To gain more insight into the system
settings, substituting this estimator variance in (34), in the
training based (TB) CFO estimation with equal pilot and signal
power, we have

N
N+TG+TE SNR +1

2
Wity t 1

Ry ~ log, (36)

In Fig. 6, spectral efficiency against the number of sub-
carriers, N is shown for both, the cyclic prefix based (CB) CFO
estimation, and the training based (TB) CFO estimation, with
equal pilot and signal power, for SNR = 5& 10dB and 0 = 1.
It is seen that the spectral efficiency increases monotonically
with increasing the number of sub-carriers N until a ceiling
is reached, beyond which the spectral efficiency becomes in-
dependent of the number of sub-carriers. Fig. 6 shows that at
low number of sub-carriers N < 10%, less number of cyclic
prefix T has higher spectral efficiency. However, they both
match at higher number of sub-carriers. As far as the spectral
efficiency is concern, it is seen that the cyclic prefix based
method outperforms the training based method when perfect
CSI is known blindly at the receiver.
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Fig. 7. Transmit diversity spectral efficiency against SNR for a given non-
random CFOwithM =5, 0 =0,N=64,Tg =8ando = 1.
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Fig. 8. Spectral efficiency against SNR for the training based CFO estimation
with imperfect CSI for equal pilot and signal power, « = %, Tg =8ando = 1.

In Fig. 7, spectral efficiency of OFDM systems with transmit
diversity against SNR for non-random CFO is drawn when
M=5 N=64, Tc =8, « =0, and o = 1. As expected, it
is seen that there is a little improvement in spectral efficiency
with transmit diversity. This is due to the fact that spectral
efficiency is improved by spatial multiplexing. It is well known
that transmit and receive diversity is used to combat the severe
channel fading and improve transmission reliability. Therefore,
diversity improves error rate and does not provide huge im-
provement to the spectral efficiency.

In Fig. 8, spectral efficiency against SNR for the training
based CFO estimation with imperfect CSI is shown for equal
pilot and signal power with o = %, T = 8 and o0 = 1. Here,
since the impact of imperfect channel estimation is taken into
account jointly with the CFO, it is seen clearly that Fig. 8 has
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SNR;=40, 20, 10 in dBs
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Fig. 9. Spectral efficiency against SNR for the training based CFO estimation
with imperfect CSI for fixed pilot power, N = 64, « = %, Tg=8ando = 1.

a worse spectral efficiency than Fig. 4 where perfect CSI is
assumed.

In Fig. 9, spectral efficiency against SNR for the training
based CFO estimation with imperfect CSI is plotted for fixed
pilot power with N = 64, o = %, Tg = 8and 0 = 1. Compared
with Fig. 5 where perfect CSI is assumed, a worse spectral
efficiency is seen as SNRg decreases. This is justified by the
increase in estimation error variance due to the joint CFO and
channel estimation.

VIII. CONCLUSION

The performance of the OFDM systems is susceptible to
degradation when failing to attain perfect time and frequency
synchronization. Even though CFO estimation is performed
at the receiver, a residual frequency offset still exists and
introduces ICI which degrades the OFDM system performance
over multipath wireless channels. New precise expressions for
the spectral efficiency of OFDM systems in the presence of
residual CFO and multipath fading channels are presented,
which accurately accounts for both the degradation in SINR
due to the residual CFO, and the penalty of the extra power
and spectral resources required to achieve the desired CFO
estimation accuracy, as well as the periodic transmission of the
cyclic prefix. Numerical results demonstrated that the cyclic
prefix based CFO technique is more efficient than the training
symbols based CFO technique when perfect CSI is known
blindly at the receiver. However, the training symbols based
CFO estimation technique is more efficient than the cyclic
prefix based CFO technique if a training sequence is sent for
channel estimation. In addition, low fixed pilot power results in
a spectral efficiency ceiling as SNR increases, whereas in the
equal pilot and signal powers case, spectral efficiency increases
with SNR without bound. Further, it is also seen that when joint
CFO and channel estimation is performed at the receiver, this
results in a worse estimation error variance for the CFO and
channel.
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