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821-8000 ext. 62012, email: bernard.colin@usherbrooke.ca.

0:453-473 3
013-9127-6

Published online: 27 April 2013

mailto:bernard.colin@usherbrooke.ca


B. Colin, F. Dubeau, H. Khreibani, and J. de Tibeiro

1. Introduction and Motivation

In data analysis, we frequently encounter in practice as in social, be-
havioral and biomedical sciences, as well as in marketing, education, pub-
lic health, some situations where we have to deal with a great number of
variables which are continuous for some of them while the others are
categorical. In this case, according to the selected data analysis model, these
continuous variables are often discretized in a small number of categories
or classes. In this paper we address the problem of finding an optimal
discretization (or quantization or coding) of the support SPX

of a contin-
uous multivariate distribution, to retain as much as possible the stochas-
tic dependence between the variables. More precisely, let us suppose that
X = (X1,X2, ...,Xk) is a random vector with values in (Rk,BRk ,PX)
where PX is the probability measure of X, and let SPX

= R
k is the support

of PX . If n = n1n2...nk is the product of k given integers, we consider a
partition P of SPX

in n elements or classes where we suppose, for practi-
cal reasons, that P is obtained as a “product-partition” deduced from par-
titions P1,P2, ...,Pk of the supports of the marginal probability measures
in, respectively, n1, n2, ..., nk intervals. Then, using a mutual information
criterion, we propose to choose the set of all intervals such that the quanti-
zation of the support SPX

which results from this choice, retains, as much as
possible, the stochastic dependence between the components of the random
vector X.

Here are some examples for which such an optimal discretization
might be desirable.

i) Let us suppose that we have a sample of individuals on which we observe
the following variables:

X = age, Y = salary, Z = socioprofessional group .

If we want to take into account the variables simultaneously as, for exam-
ple, in multiple correspondence analysis, we have to put them on the same
form by means of a discretization of the first two ones. Instead of the usual
independent categorization of the variables X and Y in a given number of
classes (p for X and q for Y ), it would be more relevant, using their stochas-
tic dependence, to categorize simultaneouslyX and Y in pq classes (referred
sometimes as a (p, q)-partition), in order to preserve as much as possible the
dependence between them. Moreover, and depending on the values taken
by the categorical variable Z , the (conditional) discretization of the random
vector (X,Y ) must differ, from one class to the others, to take into account
the stochastic dependence between the continuous random variables and the
categorical one. Usually, we do not take care of this dependence in creating
classes for continuous random variables. However, the dependence between
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Continuous Multivariate Distribution

X=age and Y =salary are certainly quite different between the socioprofes-
sional groups.

necessary: let us suppose that X and Y are two continuous random vari-
ables, for which a χ2 test of independence must be conducted on a sample
of (X,Y ), by means of partitions ofX and Y in, respectively, p and q classes
of equal widths, as it is often the case. Although it is usual to conduct such
a test by means of a p×q contingency table, one can show that this choice of
classes, instead of those arising from an optimal coding, is in favour of the
hypothesis of independence, which is certainly not, for objectivity reasons,
to be desired. In other words, by taking a different partition than the optimal
one, one may increase the possibilities of accepting the null hypothesis H0

of independence (see end of Example 1 in Section 4).

iii) In large surveys or in data warehouses, we often have to deal with a
large number of variables, but for data privacy reasons, we also have to
create classes for the observations. So, does there exist a way to create a
given number of classes which preserves as much as possible the stochastic
dependence between the random variables? Surely, this question may be of
some interest when dealing with forecasting models.

iv) In sampling theory when the population under consideration is very het-
erogeneous, it may be found impossible to get a sufficiently accurate esti-
mation of a given parameter by taking a simple random sample from the
entire population. Usually, in order to improve the accuracy of the estima-
tion, one can resort to some stratification of the population in more internally
homogeneous strata. But if the purpose of stratification is to achieve higher
accuracy, one question arises for which answers must be found: how should
the strata be made and how many of them should be made? Often stratifica-
tion is performed on the basis of auxiliary information provided by a whole
set of continuous random variables. For example in a two-way stratification
strategy involving two continuous random variables X and Y , one has to
find by means of a given criterion, the “cut-off” points for each variable in
order to create an optimal stratification. From this point of view, it is surely
of interest to consider the one that minimizes the loss of information be-
tween the random variables X and Y , before and after stratification. Indeed,
for total, mean or ratio estimators, the accuracy of the estimations may de-
pends on the stochastic dependence between X and Y and it seems natural
to retain it, as much as possible, in the selected stratification.

Problems related to the quantization of the support of a probability
measure, have been considered, in the last two decades, by many authors.
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Among them are Österreicher (2003), Pötzelberger (2003), Liese and Varda
(2006), Moddemeijer (1989; 1999), Varda (2002), Darbellay (1999), Dar-
bellay and Vajda (1999), Liese, Morales and Vajda (2006), Haussler (1997),
Morales, Pardo and Vajda (1995) and Beirlant, Dudewicz, Györfi and van
der Meulen (1997). Among all these authors, some of them used quantiza-
tions of the support of a given probability measure, in order to define non-
parametric estimators of the mutual information, mainly in the Kullback-
Leibler sense. Then they consider convergence and asymptotic properties
of these estimators (unbiasedness, consistency, or order of consistency of
entropy estimators). Others have considered the problem of quantization
for coding needs in a classical information-theoretical framework and have
also studied some asymptotical properties as convergences and sufficiency.
Finally, some of them used quantization techniques for clustering and clas-
sification purposes. As one can notice it, these approaches differ from ours.

After recalling in Section 2 the concepts of generalized divergence
between probability measures and of mutual information between random
variables, we propose in Section 3, which is the original part of this paper, a
criterion in order to partition the support SPX

, which consists in minimizing
the loss of mutual information rising from the data reduction process. Fur-
thermore, we prove the existence of an optimal partition. We illustrate in
Section 4 this procedure on some examples and we compare, on the basis of
this criterion, the optimal partition to some others having the same marginal
number of classes. Finally, some conclusions will follow in Section 5.

2. Theoretical Framework

2.1 ϕ-Divergence

Since results presented in this paper are based on the existence of the
mutual information between random variables, some well-known theoret-
ical results are recalled for convenience. We will assume from now, that
equalities and inequalities will be taken in the “almost surely” (a.s.) sense.

Let (Ω,F , μ) be a measured space and let μ1 and μ2 be two probabil-
ity measures defined on F , such that μi � μ for i = 1, 2. One defines the
ϕ-divergence or the generalized divergence (Csiszár 1967) between μ1 and
μ2, by:

Iϕ (μ1, μ2) =

∫
ϕ

(
dμ1

dμ2

)
dμ2 =

∫
ϕ

(
f1
f2

)
f2dμ ,

where ϕ(t) is a convex function from R+\{0} to R and where fi = dμi

dμ

for i = 1, 2. Obviously, Iϕ (μ1, μ2) does not depend on the choice of μ.
Moreover, for homogeneous models, one can write this expression as:
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Iϕ (μ1, μ2) =

∫
dμ2

dμ1
ϕ

(
dμ1

dμ2

)
dμ1 =

∫
f2
f1

ϕ

(
f1
f2

)
f1dμ .

The next lemma, due to Csiszár (1967; 1972; 1977) (see also Ali and
Silvey 1966; Zakai and Ziv 1973), is particularly important insofar as it
ensures, in a general theoretical framework, the existence of Iϕ (μ1, μ2) and
shows that Iϕ (μ1, μ2) ≥ ϕ (1), where equality holds if and only if μ1 = μ2

and ϕ is strictly convex at t0 = 1.

Lemma. Let ϕ(t) be a convex function from R+\ {0} to R, with the follow-
ing usual conventions:

ϕ(0) = limt→0+ ϕ(t) ; 0ϕ(00 ) = 0 ,

0ϕ(a0 ) = limδ→0+ δϕ(aδ ) = a limδ→0+ δϕ(1δ ) for any a > 0 ,

and let (Ω,F , μ) be any measured space (one will suppose however that the
measure μ is finite or σ-finite).

i) If α and β are two non-negative measurable functions defined on
(Ω,F , μ), then: ∫

IAβϕ

(
α

β

)
dμ ,

is defined for each A ∈ F on which α and β are integrable.
ii) Moreover, if for such a set A,

∫
IAβdμ is strictly positive and if

ϕ(t) is strictly convex at:

t0 =

∫
IAαdμ∫
IAβdμ

,

then: ∫
IAβϕ

(
α

β

)
dμ ≥

(∫
IAβdμ

)
ϕ

(∫
IAαdμ∫
IAβdμ

)
> −∞ ,

with equality if and only if α = t0β, μ-a.s. on A.

The following table shows the usual measures of ϕ-divergence:

ϕ(x) Name

(x− 1)2 χ2

x lnx; (x− 1) lnx Kullback and Leibler
|x− 1| Distance in variation

(
√
x− 1)

2 Hellinger
1− xα 0 < α < 1 Chernoff∣∣1− x1/m

∣∣m m > 0 Jeffreys
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The two most popular functions in practice are: ϕ(x) = (x − 1)2 in prob-
ability and statistics for its χ2 similarity and: ϕ(x) = x lnx or (x− 1) lnx
in information theory in order to define the concept of relative entropy.
Otherwise, distance in variation can be used in statistical models based on
the L1-norm, whereas the Hellinger distance appears in some data analysis
models as “spherical correspondence analysis”. The others are sometimes
used in discrimination and classification models. For more details and for
other class of divergences see, for instance, Goël (1981), Adhikari and Joshi
(1956), Aczél and Daróczy (1975), Rényi (1959; 1961) and Österreicher
(2003). Note that for all ϕ as they appear just above, one has ϕ(1) = 0.

2.2 Mutual Information

Let (Ω,F ,P) be a probability space, and let X1,X2, ...,Xk be k ran-
dom variables defined on (Ω,F ,P) with values in measured spaces
(Xi,Fi, λi), i = 1, 2, ..., k. Let us denote respectively by PX = PX1,X2,...,Xk

and by ⊗k
i=1PXi

the probability measures defined on the product space(×k
i=1Xi,⊗k

i=1Fi,⊗k
i=1λi

)
, equal to the joint probability measure and to

the product of the marginal ones, which are supposed to be absolutely con-
tinuous with respect to the product measure λ = ⊗k

i=1λi.

Definition. The ϕ-mutual information or the mutual information between
the random variables X1,X2, ...,Xk , is given by:

Iϕ (X1,X2, ...,Xk) = Iϕ

(
PX ,⊗k

i=1PXi

)
,

=

∫
ϕ

(
dPX

d
(⊗k

i=1PXi

)) d
(
⊗k

i=1PXi

)
,

=

∫
ϕ

(
f1
f2

)
f2dλ ,

where f1 and f2 are respectively the probability density functions of the
measures PXand ⊗k

i=1PXi
with respect to λ = ⊗k

i=1λi.

In many cases, the space Xi is, for every i, either the real line R en-
dowed with the Lebesgue measure, or a discrete space endowed with the
counting measure. If ϕ(1) = 0, then Iϕ (X1,X2, ...,Xk) ≥ 0 where the
equality holds if and only if the random variables X1,X2, ...,Xk are inde-
pendent.

Numerous properties of the mutual information may be found among
others, in: Pinsker (1961), McEliece (1977), Csiszár (1967; 1977), Rényi
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(1961) and Gavurin (1968). One of them, known as the “data-processing
theorem” is of major interest for approximation purposes and one of its ver-
sions may be expressed as follows:

Theorem 1. If for every j = 1, 2, ..., k, the functions gj from (Xj,Fj) to
(Yj,Gj) are measurable, then one has:

Iϕ (Y1, Y2, ..., Yk) ≤ Iϕ (X1,X2, ...,Xk) ,

where Yj = gj (Xj) with equality if for every j = 1, 2, ..., k, the functions
gj are one-to-one.

This result shows that any transformation of the initial variables never
leads to a gain of mutual information.

3. Optimal Partition

3.1 Mutual Information Explained by a Partition

Let us suppose that the random vector X defined on (Ω,F ,P) has
values in

(
R
k,BRk

)
and let PX be its probability measure (PX � λ where

λ is the Lebesgue measure on R
k), whose support SPX

may be assumed of
the form ×k

i=1 [ai, bi] where −∞ < ai < bi < ∞ for every i = 1, 2, ..., k
(as shown by Remarks 2 and 3 thereafter, this is not of real importance).

Given k integers n1, n2, ..., nk , let Pi, for i = 1, 2, ..., k, be a partition
of [ai, bi] in ni intervals {γiji} such that:

ai = xi0 < xi1 < ... < xi(ni−1) < xini
= bi ,

with:

γiji = [xi(ji−1), xiji [ for ji = 1, 2, ..., ni − 1 and γini
= [xi(ni−1), bi] .

The “product-partition” P = ⊗k
i=1Pi of SPX

in n = n1n2...nk rectangles
of Rk is then defined by:

P = {γ1j1 × γ2j2 × ...× γkjk} = {×k
i=1γiji}

where for every i: ji = 1, 2, ..., ni .

If σ(P) denotes the σ-algebra generated by P, the restriction of PX to σ(P)
is given by:

PX(×k
i=1γiji) for every j1, j2, ..., jk ,

whose marginal are, for every i = 1, 2, ..., k:

PX(×i−1
r=1 [ar, br]× γiji ×k

r=i+1 [ar, br]) = PXi
(γiji) .
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The mutual information, denoted by Iϕ(P), explained by the partition
P of the support SPX

is then given by:

Iϕ(P) =
∑

j1,j2,...,jk
ϕ

(
PX(×k

i=1γiji)∏k
i=1 PXi

(γiji)

)∏k

i=1
PXi

(γiji) .

From a practical point of view, we may consider for each i = 1, 2, ..., k a
simple random variable defined on [ai, bi] and given by:

ξPi =
∑ni

ji=1
αijiIγiji

, αiji ∈ R , ji = 1, 2, ..., ni ,

for which we suppose that all the αiji are different (the αiji may be re-
garded as the label of each element of Pi). Thus, the random vector ξP =
(ξP1 , ξ

P
2 , ..., ξ

P
k ) is defined on the measurable partition P of SPX

and its
joint and marginal probability measures PξP = PξP1 ,ξP2 ,...,ξPk

and PξPi , i =
1, 2, ..., k, are nothing else than those obtained just above from the restric-
tion of PX to σ(P). Therefore:

Iϕ
(
ξP1 , ξ

P
2 , ..., ξ

P
k

)
=

∫
ϕ

(
dPξP

d
(⊗k

i=1PξPi

)) d
(
⊗k

i=1PξPi

)
= Iϕ(P) .

Since by the mean of the “data-processing theorem” (Csiszár 1967) one has,
for any partition P1,P2, ...,Pk of [a1, b1] , [a2, b2] , ..., [ak, bk]:

Iϕ (X1,X2, ...,Xk) ≥ Iϕ
(
ξP1 , ξ

P
2 , ..., ξ

P
k

)
,

one can deduce, as a corollary, that the mutual information loss,
Iϕ (X1,X2, ...,Xk)− Iϕ(P), rising from discretization of the support SPX

of PX , is nonnegative.

Remark 1. Even if we do not consider in this paper asymptotical proper-
ties, it will be noticed that, under very mild conditions, Iϕ

(
ξP1 , ξP2 , ..., ξPk

)
converges in probability to Iϕ (X1,X2, ...,Xk) as ni → ∞ for every i =
1, 2, ..., k, with supji l(γiji) → 0 where l(γiji) is the length of the interval
γiji (Serfling 1980).

Remark 2. If, in the absolutely continuous case, the support SPX
of PX

is not compact, as for example in the case of a k-multidimensional normal
distribution (SPX

= R
k) or a k-multidimensional exponential distribution

(SPX
= R

k
+ = [0,∞)k), one can use the representation of PX under its

copula whose support is the unit cube [0, 1]k of R
k (for more details see
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Fréchet 1951; Sklar 1959). More precisely, using the transformation from
R
k to [0, 1]k given by:

Ui = Fi(Xi) for i = 1, 2, ..., k ,

the cumulative distribution function C(u1, u2, ..., uk) of the copula C as-
sociated to PX , is given, for every u = (u1, u2, ..., uk) ∈ [0, 1]k, by the
following expression:

C(u1, u2, ..., uk) = F (F−1
1 (u1), F

−1
2 (u2), ..., F

−1
k (uk)) ,

where F and Fi, i = 1, 2, ..., k are respectively, the cumulative distribution
functions of the random vector X and of its components. Therefore, one can
reduce this case to the previous one, since under this transformation, the mu-
tual information remains invariant (case of equality in the “data processing
theorem”). Furthermore, for numerical methods, this setting may be more
appropriate than the original one for finding an optimal partition.

3.2 Existence of an Optimal Partition

For given integers n1, n2, ..., nk and for every i = 1, 2, ..., k, let Pi,ni

be the class of partitions of [ai, bi] in ni disjoint intervals and Pn be the class
of partitions of SPX

given by:

Pn = ⊗k
i=1Pi,ni

.

where n is the multi index (n1, n2, ..., nk). Each element P of Pn may be
considered as a vector of RΣk

i=1(ni+1) having components :(
a1, x11, ..., x1(n1−1), b1, a2, x21, ..., x2(n2−1),

b2, ..., ak , xk1, ..., xk(nk−1), bk
)
,

under the constraints:

ai < xi1 < ... < xi(ni−1) < bi for every i = 1, 2, ..., k.

In order to obtain a partition P of SPX
, for which the mutual information

loss is minimum, we have to solve the following optimization problem:

min
P∈Pn

(Iϕ (X1,X2, ...,Xk)− Iϕ (P)) ,

which is equivalent to:

max
P∈Pn

Iϕ (P) = max
P∈Pn

∑
j1,j2,...,jk

ϕ

(
PX(×k

i=1γiji)∏k
i=1 PXi

(γiji)

)∏k

i=1
PXi

(γiji) .
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Theorem 2. If n = (n1, n2, ..., nk) is a multi index for which n1, n2, ..., nk

are k given integers, then: i) there exists an element P∗ of Pn, called an

“optimal partition”, such that:

Iϕ(P∗) = max
P∈Pn

Iϕ(P) .

ii) Iϕ(P∗) is a nondecreasing function of the n′
is.

Proof. i) Without loss of generality, we may assume that the function
Iϕ(ξP1 , ξP2 , ..., ξPk ) of the variables xiji for i = 1, 2, ..., k and ji = 1, 2, ...,

(ni − 1), is defined on a compact subset of RΣk
i=1(ni−1) of the form:

S = ×k
i=1Si,ni

,

where Si,ni
is the following subset of Rni−1:

ai = xi0 ≤ xi1 ≤ ... ≤ xi(ni−1) ≤ xini
= bi .

Since equalities, like xiji = xi(ji+1), correspond to the merging of two adja-
cent classes, this involves a loss of mutual information (except if the latter is
0) compare to the case xiji < xi(ji+1). However, this loss will be strict, if the
probability measure PX does not have the property of local (or conditional)
independence (see Darbellay, 1999), which is required from now, since it
is usually the case in practice. Consequently, the maximum is attained at
a point in the interior S̊ of S. As Iϕ (P) is a real continuous function of
the variables xiji on a compact subset of RΣk

i=1(ni−1), the existence of an
optimal partition

P∗ = ⊗k
i=1P∗

i ,

with P∗
i ∈ Pi,ni

, is then ensured. If we note by x∗iji the solutions of the
optimization problem, then for every i = 1, 2, ..., k one has:

P∗
i = {γ∗iji} ,

where:

γ∗iji = [x∗i(ji−1), x
∗
iji [ for ji = 1, 2, ..., ni − 1 and γ∗ini

= [x∗i(ni−1), bi] ,

from which it follows that the optimal partition P∗ is given by:

P∗ = {×k
i=1γ

∗
iji} where for every i: ji = 1, 2, ..., ni .

with: Iϕ (P∗) = max
P∈Pn

Iϕ (P) .
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ii) To prove the second part of the theorem, it is enough to consider one of
the unspecified n′

is. Indeed, let us suppose that for choosen i and ji, one
splits the interval γ∗iji = [x∗i(ji−1), x

∗
iji
[ in two disjoint intervals [x∗i(ji−1), x

∗[
and [x∗, x∗iji [ with x∗i(ji−1) < x∗ < x∗iji , and let us suppose moreover that
all others intervals remaining the same. This gives rise to a new partition
P ′ with n′ = n +

∏k
j=1;j �=i nj elements. If σ(P ′) and σ(P∗) denote the

σ-algebras generated respectively by P ′ and P∗, then one has obviously:
σ(P∗) ⊆σ(P ′). So

Iϕ (P∗) ≤ Iϕ
(P ′) (Csiszár 1967) .

Therefore:

Iϕ (P∗) = max
P∈Pn

Iϕ (P) ≤ Iϕ
(P ′) ≤ max

P ′∈Pn′
Iϕ
(P ′) = Iϕ

(
P ′∗
)

which is the expected result.
�

Remark 3. As observed in Remark 2, in the case where we use a copula, if
P∗ = ⊗k

i=1P∗
i is an optimal partition of [0, 1]k, then Q∗ = ⊗k

i=1Q∗
i , where

for every i:

Q∗
i = {γ∗iji} with x∗iji = F−1

i (u∗iji) for ji = 1, 2, ..., ni ,

is also an optimal partition for the support SPX
, with in addition, using ob-

vious notations:
Iϕ (P∗) = Iϕ(Q∗).

3.3 Some Practical Aspects

In practice, we do not know the probability measure PX of the ran-
dom vector X but only a number m of independent observations Xr for
r = 1, 2, ...,m. In order to obtain an optimal partition of SPX

, we have to
estimate the probability measure PX . Two main cases may arise.

1. If (X1,X2, ...,Xm) is a sample of size m of the random vector X,
we only know the empirical probability measure:

P
m
X =

1

m

m∑
r=1

δXr ,

or, which is equivalent, the empirical probability distribution function:

Fm (x) =
1

m

∑m

r=1
I]−∞,x] (X

r) for all x ∈ R
k ,
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where ]−∞, x] = ×k
i=1 ]−∞, xi]. Based on the observations, one can

consider as in Bosq and Lecoutre (1987), some kernel estimators of
PX in order to estimate Iϕ(X1,X2, ...,Xk) and then, deduce from
this estimation, the required optimal partition. Even if this approach
seems natural in such a usual situation, the quality of the result may
rely heavily on the choice of the kernel as on the width of the win-
dows. Furthermore, some questions are in order : since we have an
estimator of the optimal partition, what about its properties as, for
example: unbiasedness, consistency, convergences? Also, how this
estimator performs when compare to other ones as, for example, the
estimator based on the histogram approach? For the moment, we will
not consider these questions.

2. In addition to the observations, we may assume that the probability
measure PX is a member of a given family (as, for instance, a member
of a multivariate exponential family) and that its probability density
function f (x, θ) depends upon an unknown parameter θ ∈ Θ ⊂ R

d.
This semiparametric case, that we retain now, is more often tractable
than the first one and it can be reduce to the estimation of the param-
eter θ as illustrated below.

Under the assumptions on PX , it seems natural to choose as an es-
timator of the mutual information, the one based on f(x, θ̂) where θ̂ is an
estimator of θ (for example the maximum likelihood estimator). In other
words, since Iϕ (X1,X2, ...,Xk) = Iϕ (X; θ) may be generally regarded as
a continuous and twice differentiable function g (θ) = g (θ1, θ2, ..., θd) from
R
d to R, we can choose as an estimator of Iϕ (X; θ), the following random

variable:

Îϕ (X; θ) =

∫
Rk

ϕ

(
f(x, θ̂)∏k

i=1 fi(xi, θ̂)

)(∏k

i=1
fi(xi, θ̂)

)
dx ,

= Iϕ(X; θ̂) ,

or, if U is the copula associated to X:

Îϕ (U ; η) = Iϕ (U ; η̂) =

∫
[0,1]k

ϕ (c (u, η̂)) du ,

where η̂ = η(θ̂) is the estimator of the parameter η = η(θ) of the probability
density function c (u1, u2, ..., uk , η) of PU .

It is clear that the properties of the estimator Îϕ (X; θ) depend closely
on those of the estimator θ̂n of θ, where θ̂n is obtained from a sample of size
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n of X. For instance, if θ̂n is a consistent estimator of θ, we know (Lehmann
1991; Serfling 1980) that, under mild conditions, one has:

√
n(θ̂n − θ)

L→ N (0,I−1
X ) ,

where IX is the Fisher information matrix relative to Θ. Hence it follows
that, Îϕ (X; θ) is, under usual conditions of regularity on g (θ) (Serfling
1980), a consistent estimator of Iϕ (X; θ) and that:

√
n(Iϕ(X, θ̂n)− Iϕ (X, θ))

L→ N (0, t∇gθI−1
X ∇gθ) ,

if ∇gθ is different from zero. Moreover one has:

Iϕ(X, θ̂n)
p→ Iϕ (X, θ) as θ̂n

p→ θ when n → ∞

4. Computational Aspects and Examples

Without loss of generality, one considers, in order to facilitate the
presentation, the case of a bivariate random vector X = (X1,X2) with
probability density function f(x1, x2) whose support is [0, 1]2. For each
component, let respectively:

0 = x10 < x11 < x12... < x1i < ... < x1(p−1) < x1p = 1 ,

and

0 = x20 < x21 < x22... < x2j < ... < x2(q−1) < x2q = 1 ,

be the ends of intervals of two partitions of [0, 1] in respectively p and q
elements. For i = 1, 2, ..., p and j = 1, 2, ..., q, the probability measure of a
rectangle [x1(i−1), x1i[×[x2(j−1), x2j [ is given by:∫ x1i

x1(i−1)

∫ x2j

x2(j−1)

f(x1, x2)dx1dx2 = pij ,

while its product probability measure is expressed as:∫ x1i

x1(i−1)

f1(x1)dx1×
∫ x2j

x2(j−1)

f2(x2)dx2 = pi·p·j ,

with pi· =
∑q

j=1 pij and p·j =
∑p

i=1 pij . Then, the approximation of the
mutual information between the random variables X1 and X2, conveyed by
the discrete probability measure {pij} is given by:

p∑
i=1

q∑
j=1

ϕ

(
pij
pi·p·j

)
pi·p·j ,
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and for given p, q and f(x1, x2), one has to maximize the following expres-
sion:

max
{x1i},{x2j}

p∑
i =1

q∑
j =1

[
ϕ

( ∫ x1i

x1(i−1)

∫ x2j

x2(j−1)
f(x1, x2)dx1dx2∫ x1i

x1(i−1)
f1(x1)dx1 ×

∫ x2j

x2(j−1)
f2(x2)dx2

)

×
(∫ x1i

x1(i−1)

f1(x1)dx1 ×
∫ x2j

x2(j−1)

f2(x2)dx2

)]
,

with respect to the x′1is and the x′2js, which is reduced to finding the max-
imum of a continuous and differentiable function of p + q − 2 variables
defined on a compact subset of Rp+q−2 under the constraints 0 < x11 <
x12... < x1i < ... < x1(p−1) < x1p < 1 and 0 < x21 < x22... < x2j <
... < x2(q−1) < 1. In order to solve this standard optimization problem,
many methods are available and one has chosen the well-known method
of feasible directions described in Zoutendijk (1960) and also in Bertsekas
(1999).

Example 1. We consider the function ϕ (t) = (t− 1)2 and a probability
measure on [0, 1]2 which probability density function (with respect to the
Lebesgue measure on [0, 1]2) given by:

f (x1, x2) = (x1 + x2) I[0,1]2 (x1, x2) .

A straightforward calculation shows that:

I(t−1)2 (X1,X2) = 9.7×10−3 .

As I(t−1)2 (X1,X2) is a continuously differentiable function with respect
to the variables (xiji), we obtain easily the following optimal partition of
[0, 1]2 for p = q = 3:

x11 = x21 = .2211 ; x12 = x22 = .54 .

Since the probability density function of the vector (X1,X2) is symmetric
with respect to x1 and x2, the random variables ξP∗

1 and ξP∗
2 are identically

distributed and the probability measures PξP∗
1 ,ξP∗

2
and PξP∗

1
= PξP∗

2
are

given by:

PξP∗
1 ,ξP∗

2
[0, .2211[ [.2211, .54[ [.54, 1]

[0, .2211[ .0108 .0346 .0895
[.2211, .54[ .0346 .0774 .1687
[.54, 1] .0895 .1687 .3258
PξP∗

1
= PξP∗

2
.1349 .2807 .5840
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Let {pij}, {pi·} and {p·j} be respectively the probability density functions
of (ξP∗

1 , ξP∗
2 ), ξP∗

1 and ξP∗
2 . For ϕ (t) = (t− 1)2 one has:

I(t−1)2
(
ξP

∗
1 , ξP

∗
2

)
=

p∑
i=1

q∑
j=1

p2ij
pi·p·j

− 1 ,

and after calculation one obtains: I(t−1)2
(
ξP∗
1 , ξP∗

2

)
= 7×10−3 which rep-

resents 72% of the initial mutual information. As comparison, in the case of
a regular partition (each class has the same width), the probability measure
P
ξ
Preg
1 ,ξ

Preg
2

is given by:

P
ξ
Preg
1 ,ξ

Preg
2

[0, .3333[ [.3333, .6666[ [.6666, 1]

[0, .3333[ .0370 .0740 .1111
[.3333, .6666[ .0740 .1111 .1481
[.6666, 1] .1111 .1481 .1852
P
ξ
Preg
1

= P
ξ
Preg
2

.2221 .3332 .4444

while this probability measure is, for an “equipartition” (each marginal
class has the same frequency), equals to:

P
ξ
Pequi
1 ,ξ

Pequi
2

[0, .4574[ [.4574, .7583[ [.7583, 1]

[0, .4574[ .0957 .1152 .1224
[.4574, .7583[ .1152 .1100 .1081
[.7583, 1] .1224 .1081 .1028
P
ξ
Pequi
1

= P
ξ
Pequi
2

.3333 .3333 .3333

For this two last partitions one has:

I(t−1)2

(
ξ
Preg

1 , ξ
Preg

2

)
= 5.44×10−3 (56% of I(t−1)2 (X1,X2)) ,

in the first case and:

I(t−1)2

(
ξ
Pequi

1 , ξ
Pequi

2

)
= 5.6×10−3 (58% of I(t−1)2 (X1,X2)) ,

in the second one. Finally, it is obvious that if we choose another function ϕ,
we will usually obtain another optimal partition of [0, 1]2. As an illustration
of the Remark 3, one can check that:

c(u1, u2) =
2(
√
1 + 8u1 +

√
1 + 8u2 − 2)√

1 + 8u1
√
1 + 8u2

I[0,1]2(u1, u2) ,
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is the probability density function of the copula corresponding to f(x1, x2)
and that u11 = u21 = 0.135 and u12 = u22 = 0.416 are, in this case,
solutions to the problem of optimization. Furthermore, x11 = .2211 =

F−1
X1

(u11) and x12 = .54 = F−1
X1

(u12) with FX1
(x1) =

x1(x1+1)
2 .

Now, we use this elementary example as a (3×3) two-way contin-
gency table to illustrate the consequences of the choice of a (3, 3)-partition
of [0, 1]2 on a χ2-test of independence. Let us suppose that one has n inde-
pendent observations from a random vector (ξ1, ξ2) where ξ1 and ξ2 are two
categorical variables with respectively p and q categories and let N = {nij},
be the corresponding contingency table. The usual χ2-statistics for testing
independence between ξ1 and ξ2 is, in a standard notation, given by:

χ2 =

p∑
i=1

q∑
j=1

n
(pij − pi·p·j)2

pi·p·j
,

= n

⎡⎣ p∑
i=1

q∑
j=1

(pij − pi·p·j)2

pi·p·j

⎤⎦ = nI(t−1)2 (ξ1, ξ2) .

This shows that, up to a factor n, χ2 and I(t−1)2 (ξ1, ξ2) are the same.
So if, as above, the random vector (ξ1, ξ2) is obtained from a (p, q)-partition
of the support of the continuous random vector (X1,X2) one has:

χ2
P∗ = nI(t−1)2

(
ξP

∗
1 , ξP

∗
2

) ≥ χ2
P = nI(t−1)2

(
ξP1 , ξ

P
2

)
,

where χ2
P∗ and χ2

P are respectively arising from an (p, q)-optimal partition
P∗, or from an unspecified (p, q)-partition P. Therefore, for the usual χ2

test of independence, the inequality:

χ2 ≤ χ2
c ,

corresponding to the acceptance of the hypothesis H0 of independence be-
tween the variables X1 and X2, is more easily checked under P than under
P∗ and if:

χ2
P < χ2

c < χ2
P∗ ,

H0 is accepted under P and rejected under P∗, which is not very satisfac-
tory. For simplicity reasons, it will be assumed in this example, that the
above optimal partition has been obtained by the means of a density es-
timator, for example, and that an independent sample of (X1,X2) of size
n, has given rise to joint empirical frequencies equal to P

ξ
Preg
1 ,ξ

Preg
2

or to
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P
ξ
Pequi
1 ,ξ

Pequi
2

. Thus with n = 1200, one has χ2
0.9 = 7.78 for a χ2 with 4

degrees of freedom, and one easily checks that H0 is accepted under Preg

and Pequi while H0 is rejected under P∗. Unsurprisingly, H0 is rejected
under any one of these partitions as soon as n is greater than 1430 since, as
n increases, the conditions for independence are more and more difficult to
fulfill.

Example 2. Let X = (X1,X2) ∼ E2 (θ) (−1 ≤ θ ≤ 1) be a bivariate
exponential random vector, whose probability density function is given by:

f(x1, x2) = e−x1−x2
[
1 + θ − 2θ(e−x1 + e−x2 − 2e−x1−x2)

]
I
R

2
+
(x1, x2) ,

and let C (u1, u2) be its copula whose probability density function c (u1, u2)
is:

c (u1, u2) = [1 + θ (1− 2u1) (1− 2u2)]I[0,1]2 (u1, u2) .

This family of distributions, also known as Farlie-Gumbel-Morgenstern class,
is used, among others, in reliability theory as a life-lengths joint distribution
of dependent components of a system operating in a random environment.
Others applications appear in Elandt-Johnson (1976). As an illustration of
a practical case, this example shows how to discretize simultaneously in a
given numbers of categories, the life-lengths scale of each component, in
order to qualify for example, the reliability of the system from “very low” to
“very high”. For various ϕ and for θ̂ = .5 and −.75, which are considered
here as estimates of the parameter θ, one has:

ϕ(t) Iϕ(X1,X2) Iϕ(X1,X2)

θ̂ = .5 θ̂ = −.75
(t− 1)2 : (χ2-metrics) 2.77×10−2 6.25×10−2

t ln t : (Kullback) 1.41×10−2 3.24×10−2

(t− 1) ln t : (Kullback-Leibler) 2.87×10−2 6.77×10−2

|t− 1| : (distance in variation) 12.5×10−2 18.75×10−2

(
√
t− 1)2 : (Hellinger) 0.71×10−2 1.68×10−2

−1
t ln t : (Leibler) 4.78×10−2 13.48×10−2

One can observe that, maybe except for the distance in variation, all the

mutual information figures are, for each θ̂, of the same order of magnitude.
For ϕ (t) = (t− 1)2, one obtains the following optimal partitions on [0, 1]2

for θ̂ = .5 and for θ̂ = −.75:

• θ̂ = .5 ; p = q = 5
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PξP∗
1 ,ξP∗

2
[0, .2[ [.2, .4[ [.4, .6[ [.6, .8[ [.8, 1] PξP∗

1

[0, .2[ .0528 .0464 .0400 .0336 .0272 .2
[.2, .4[ .0464 .0432 .0400 .0368 .0336 .2
[.4, .6[ .0400 .0400 .0400 .0400 .0400 .2
[.6, .8[ .0336 .0368 .0400 .0432 .0464 .2
[.8, 1] .0272 .0336 .0400 .0464 .0528 .2
PξP∗

2
.2 .2 .2 .2 .2

with: I(t−1)2
(
ξP∗
1 , ξP∗

2

)
= 2.56×10−2 (92.2% of the initial mutual infor-

mation). In this case, due to uniform marginal and due to properties of
symmetry of c(u1, u2) on [0, 1]2, it is not surprising that P∗, Preg and Pequi,
are the same. In fact, for every integers p and q, one considers the function
I(t−1)2(ξ

P
1 , ξ

P
2 ) given by:

I(t−1)2(ξ
P
1 , ξ

P
2 )

=

p∑
i=1

q∑
j=1

⎡⎢⎣
[∫ u1i

u1i−1

∫ u2j

u2j−1
(1 + θ (1− 2u1) (1− 2u2))du1du2

]2
(u1i − u1i−1)(u2j − u2j−1)

⎤⎥⎦− 1

= θ2
(∑p

i=1
u1iu1i−1 (u1i − u1i−1)

)
(
∑q

j=1
u2ju2j−1 (u2j − u2j−1)) ,

where u10 = u20 = 0 and u1p = u2q = 1. It is then easy, though somewhat
tedious, to prove that, regardless θ, the optimal choice of classes on [0, 1]2

is given by the Cartesian product of two regular partitions on [0, 1] with
respectively p and q classes. Moreover, the value of the maximum is:

I(t−1)2
(
ξP

∗
1 , ξP

∗
2

)
=

θ2pq(p+ 2)(q + 2)

9(p+ 1)2(q + 1)2

= I(t−1)2 (X1,X2, θ)

[
p(p+ 2)q(q + 2)

(p + 1)2(q + 1)2

]
,

and, as p → ∞ and q → ∞, then I(t−1)2
(
ξP∗
1 , ξP∗

2

)→ I(t−1)2 (X1,X2, θ)

= θ2

9 as one can check easily.
Since u1 = F1(x1) = 1− e−x1 and u2 = F2(x2) = 1− e−x2 , it fol-

lows that for every i and j one has: x1i = F−1
1 (u1i) and x2j = F−1

2 (u2j).
Therefore, for p = q = 5, the optimal choice of classes on R

2

+, is rising from
two identical partitions of [0,∞[ given by:

[0, .223[, [.223, .511[, [.511, .916[, [.916, 1.609[, [1.609,∞[ .

• θ̂ = −.75 ; p = 4, q = 5
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PξP∗
1 ,ξP∗

2
[0, .2[ [.2, .4[ [.4, .6[ [.6, .8[ [.8, 1] PξP∗

1

[0, .25[ .0275 .0388 .0500 .0612 .0725 .25
[.25, .5[ .0425 .0463 .0500 .0537 .0575 .25
[.5, .75[ .0575 .0538 .0500 .0462 .0425 .25
[.75, 1] .0725 .0613 .0500 .0387 .0275 .25
PξP∗

2
.2 .2 .2 .2 .2

with: I(t−1)2
(
ξP∗
1 , ξP∗

2

)
= 5.62×10−2 (89.9% of I(t−1)2(X1,X2)). Then

the optimal choice of classes on R
+2

is given by the Cartesian product of
the elements of the partition:

[0, .223[, [.223, .511[, [.511, .916[, [.916, 1.609[, [1.609,∞[ , for X1 ,

by the elements of the partition:

[0, .29[, [.29, .69[, [.69, 1.38[, [1.38,∞[ , for X2 .

5. Conclusions

Let X = (X1,X2, ...,Xk) be a random vector in R
k, defined on a

probability space (Ω,F ,P), with a joint probability measure PX absolutely
continuous with respect to a measure λ (usually, λ is the Lebesgue measure
of Rk). For a given measure of mutual information Iϕ (X1,X2, ...,Xk) be-
tween the components of X, we have shown, using a criterion based on
minimization of the mutual information loss, that there exists for given
integers n1, n2, ..., nk , an optimal partition of the support SPX

of PX in
n =

∏k
i=1 ni elements, given by the Cartesian product of the elements of

the partitions of the support of each components X1,X2, ...,Xk in, respec-
tively, n1, n2, ..., nk classes. This procedure allows us to retain the stochas-
tic dependence between the random variables (X1,X2, ...,Xk) as much as
possible and this may be significantly important for some data analysis or
statistical inference tasks as tests of independence. As illustrated by some
examples, this optimal partition performs, from this point of view, better
than any others having the same number of classes. Although this way of
carrying out a quantization of the support of a probability measure is less
usual than those associated with marginal classes of equal width or of equal
probabilities, we think that practitioners could seriously consider it, at least,
in the case where the conservation of the stochastic dependence between the
random variables seems to be important. Finally, with a practical point of
view in mind, we have paid attention to the semiparametric case (Example
2) for which one can assume that the probability measure PX is a member
of a given family depending on an unknown parameter θ.
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