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This paper aims to find an optimal balanced schedule with the least delay-ratio (i.e., the
ratio of the total delay time and the total free-run time) by considering the impacts of
the train velocity. A rigorous optimization model is proposed under the consideration of
feasible speed constraint for finding the optimal velocity for each train on the railway line.
To obtain an approximately optimal scheduling strategy, a combination of the improved
TAS (ITAS) method and the genetic algorithm (GA), called GA-ITAS method, is in particular
proposed to effectively solve the proposed model. The results of numerical experiments
demonstrate the efficiency and effectiveness of the proposed approaches.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

Train scheduling, which focuses on specifying the departure and arrival times at each station, is required to satisfy a set of
operational constraints, including the platform capacity constraints, headway constraints, velocity constraints, etc. Due to
the complexity of these constraints, train scheduling problem then becomes a challenging and difficult problem for the
real-world applications, especially for real-time scheduling. In general, two types of approaches can often be adopted to gen-
erate a feasible train timetable in the real-world applications, i.e., the manual method and computer-based method. In com-
parison, computer-based method has attracted more attentions in recent decades from the researchers and engineers with
the development of computer techniques, and two scheduling techniques, namely mathematical optimization and simula-
tion methods, have been proposed for generating a feasible or near-optimal schedule.

The majority of the researches in literature focus the scheduling and rescheduling methods on the mathematical optimi-
zation method, which was firstly applied to train scheduling problem by Amit and Goldfarb [1] in 1971. Three types of rail
traffic environments, i.e., the single-line railway [2–6], multiline railway and railway network [7–10] have been often taken
into account. For scheduling trains, for instance, on the single-line railway, Szpigel [4] firstly formulated the train scheduling
problem as a mixed-integer program and applied a branch-and-bound algorithm to solve the problem. Zhou and Zhong [6]
developed a branch-and-bound solution procedure to obtain feasible schedules with guaranteed optimality considering the
constraints of the railway resource. Higgins et al. [2] presented a two-objective optimization model which minimizes the
delay time and fuel consumption cost. And the model was developed as a decision support tool for dispatchers to optimize
train schedules on a single line in real-time. Besides, an expected value programming model proposed by Yang et al. [5] to
minimize the train delay time and the total passenger-time, in which the number of passengers getting on/off the train at
each station is assumed to be a fuzzy variable. In recent years, some researchers turn to a more complex situation with
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the development of computer techniques, namely, scheduling on the railway network. For this topic, Carey [7], Carey [11]
and Carey and Lockwood [8] developed an iterative decomposition approach for solving the train timetable and path prob-
lem on the rail lines. In this approach, some solution heuristics and strategies, with which dispatchers can plan large-scale
complex rail systems in an acceptable time, were proposed. Brannlund et al. [12] presented a heuristic optimization ap-
proach for the timetabling problem where Lagrangian relaxation solution approach was designed. Moreover, Ghoseiri
et al. [9] developed a train scheduling model for minimizing the fuel consumption cost and the total passenger-time. Like-
wise, considering the global information of the railway network, Yang et al. [10] proposed an efficient mathematical model
to find the optimal train movements strategy, which aims to minimize both energy consumption and travel time
simultaneously.

It is worth pointing out that the train scheduling problem is essentially an integer programming problem known to be NP
hard (see Cai and Goh [13]). Then, the above-mentioned mathematical programming models for train scheduling problem
are usually solved by some special heuristics or modified algorithms. According to the statement by Dorfman and Medanic
[14], two drawbacks mainly exist in the mathematical programming methods: (1) despite the tremendous speed of today’s
supercomputers, an integer programming problem with constraints for every train and siding in a railway network still can-
not be resolved in an acceptable time; (2) once such a solution is implemented, whenever a single train is unable to keep the
schedule, the entire problem must be rescheduled from the current state of the network. Due to these drawbacks, Medanic
and Dorfman [15] proposed an effective simulation approach to schedule trains by considering the combination of local,
state-dependent, travel-advance strategy (TAS) and discrete-event model, which can produce sub-optimal time-efficient
and energy-saving schedules rapidly. In their recent works, they also extended the aforementioned approach to solve the
large-scale real-world train scheduling problem. To further improve the quality of the generated schedule, Li et al. [16] pro-
posed a modified TAS method by introducing some modified rules which aim to characterize train’s micro operation based
on global conflicts information. Also, they incorporated the simulation of train’s acceleration and deceleration into their work
after analyzing the train’s micro movement features. To search for a good train schedule, Pudney and Wardrop [17] proposed
a probabilistic search technique, called problem space search, with which hundreds of different train schedules can be
quickly generated. As for the other simulation techniques, interested readers may refer to Frank [18], Peat et al. [19], Rudd
and Storry [20], Petersen et al. [21], Sahin [3], Sauder and Westerman [22] and Jovanovic and Harker [23].

In literature, few researches allowed different train speeds on different sections such as Mills et al. [24]. The majority of
the researches on train scheduling problem usually assume that the velocity of the train on each railway link is a pre-spec-
ified constant (see [14,16,5,6]). In general, although this assumption is much easy to be handled in the scheduling process,
the generated timetable may probably correspond to some non-balance characteristics, e.g., causing more waiting time at
stations or more delays on the railway line. For instance, according to the original timetable, a train is scheduled to arrive
at an intermediate station and then wait a long time for another train’s meeting and crossing. For this case, it is generally
expected to further reduce this train’s actual waiting time as much as possible if its velocity is allowed to be reduced,
and what’s more, this modification essentially produces two advantages, i.e., (1) decreasing the delay time at the stations
and (2) saving the energy consumption according to Davis Equation because of the reduction of the velocity (see [9]). On
the other hand, this non-balance feature (waiting time) can also be canceled by enhancing velocity of the opposite train
at the cost of more energy consumption. Practically, this type of non-balance feature essentially can be attributed to the cou-
pling effects of the non-optimal velocities of trains. With this concern, we are particularly interested in generating a balanced
schedule through optimizing train’s velocity with the least delay-ratio. To the best of our knowledge, this is a new idea in
literature.

The remainder of this paper is organized as follows. For the completeness of this research, the discrete-event model pro-
posed by Dorfman and Medanic [14] and Medanic and Dorfman [15], is firstly reviewed in Section 2. In Section 3, train sched-
uling problem with speed constraints is described in detail. To solve the model, a new scheduling algorithm, which is
combined by our improved TAS and genetic algorithm and denoted by GA-ITAS, is proposed to find an approximate optimal
schedule. The efficiency and the effectiveness of the proposed approaches are demonstrated in Section 4. Finally, a conclu-
sion is made in Section 5.
2. Reviews of the discrete-event model

As we aim to propose a genetic algorithm based on our improved TAS to generate train schedules, a brief review of TAS
will be given in this section for the completeness of this research.

Based on the concept of travel advanced strategy (TAS), an efficient train scheduling generation approach was proposed
by Dorfman and Medanic[14] and Medanic and Dorfman [15]. In this approach, the involved trains on the railway network
are firstly classified into two categories, i.e., trains on sections and trains at stations. A discrete event is defined through the
arrival of a train at a station. That is, a discrete event occurs once a train arrives at a station. At the time that an event occurs,
a capacity checking algorithm will then be employed to detect the state of the traffic system to avoid the possible future
deadlock (A segment is said to be in a state of deadlock if no train on a segment of railway line can advance without causing
a collision). In the capacity checking algorithm, for each train at a station, local and non-local information will be used to
determine the capacity of the rest rail line of the focus train’s trip. In the case of enough capacity, the focus train can be
scheduled to continue its journey; otherwise, it is required to stop at its current station until the next discrete event occurs.



Table 1
The comparison of different characteristics of closely related methods.

Characteristic Dorfman and Medanic [10] Li et al. [18] This paper

Status of train
velocity

A constant A constant, considering the acceleration and
deceleration

A decision variable

Feature of TAS Original rules Improved rules with global information Improved rules on traversing order
Algorithm TAS (Heuristic method) ETAS (Heuristic method) GA-ITAS (Genetic Algorithm + Heuristic

method)
Feature of solution Not consider coupling effects of

trains
Not consider coupling effects of trains Consider coupling effects of trains
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In general, the train on a section is always allowed to continue its travel at the current section until it arrives at the next
station. Integrating with the operational rules above, the TAS method can schedule trains quickly and efficiently on a railway
network under the consideration of three performance criteria, i.e., the time to clear the line, the delay of all trains, and the
maximal delay. Additionally, TAS has been proved to be much faster than exact methods such as branch and bound algo-
rithm [16].

It is interesting to mention that the TAS method has two implicit drawbacks according to the statements in Li et al. [16]:
(1) the local Greedy TAS cannot obtain the mathematically optimal solution and can only produce a feasible train scheduling
plan; (2) the collisions among the trains can be categorized into two classes: relative deadlocks and absolute deadlocks,
which should be given the separate treatments. For the first drawback, it is easy to explain. As mentioned above, TAS is a
greedy algorithm which ensures that there is always at least one free track at each station at the end of every movement
for trains. This mechanism may probably prevent some optimal solutions. To further decrease the potential delay of the
trains, Li et al. [16] focused their researches on the second problem, and proposed an improved approach, namely effective
travel-advance strategy (ETAS) method based on the global scheduling information. ETAS method is proved to be a more effi-
cient approach to schedule trains in a railway network. However, these two deterministic methods (TAS and ETAS) for gen-
erating a train schedule are based on a nominal speed for each train. In practice, trains can be driven faster or slower than the
nominal speed. If we utilize this fact, we may be able to find a better train schedule.

In this research, based on the genetic algorithm (GA) and our improved TAS (ITAS) method, we shall design a new algo-
rithm, called GA-ITAS, to search for a better train timetable with the minimal delay-ratio through varying the speeds of trains
within reasonable limits. The proposed algorithm has the following advantages: (1) The TAS method used in GA-ITAS is
essentially a new version that is improved based on the TAS proposed in Ref. [14], and it is more efficient than the original
one. (2) To the best of our knowledge, relaxing some system constraints in the railway system can be expected to take advan-
tages of the railway resources as much as possible (for instance, decreasing the waiting time). Therefore, focusing on
decreasing the total delay-ratio, we particularly treat the train velocity as a decision variable to further reduce the coupling
effects among the trains. Compared with some closely related researches in literature, we give some detailed characteristics
analysis with respect to different works in Table 1 to clarify the contributions of our research.
3. Problem statements

Consider a railway line composed of a sequence of two-way single-track railway links and stations, in which two adjacent
stations are linked by a railway link (e.g., the link j links the station C and station D, as shown in Fig. 1). On the railway, the
involved stations can be categorized into ‘‘intermediate’’ stations (see station C and station D in Fig. 1) and terminal stations
(see station A and station B in Fig. 1), where the former allow three trains to dwell (the structure is illustrated in Fig. 2) and
the latter have multiple platforms at which trains can originate and terminate.

To clear show the formulation of this research, an illustration in Fig. 3 is especially given to state the importance of the
velocity optimization. As shown in Fig. 3a, train 1 is scheduled to travel in outbound direction and meet with other two
A B
C D

1 2 j

Train i

Fig. 1. An illustration of a two-way single-line railway.

Train i
Train j

Fig. 2. Two trains meet at a station.
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Fig. 3. (a) Case of reducing a train’s velocity; (b) case of enhancing a train’s velocity; and (c) case of changing velocities of different trains (the original
schedule is represented by solid lines).
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inbound trains, i.e., trains 2 and 3, at the second and third stations. Due to the pre-specified velocities, train 1 has to wait at
these two stations for crossing operations, which leads to the extra delay time d1 and d2. In practice, these delays can be
expectedly cancelled through adjusting the velocity of train 1. Specifically, if we can change the trajectory of train 1 to
the dotted line through decreasing its velocity, fewer waiting time, i.e., d3 and d4, appears in the rescheduled train timetable,
and meanwhile, the energy consumption cost of train 1 further decreases due to the reduction of the velocity according to
Medanic and Dorfman [15]. Likewise, after enhancing the velocity of train 1 in Fig. 3b, delay time d1 and d2 can be eliminated
automatically with respect to two inbound trains. In this illustration, it is easy to see that unnecessary delay time (i.e., d1 and
d2) can be effectively reduced by adjusting the pre-specified speed on the links. Correspondingly, the total delay on the rail-
way network can also be potentially optimized in comparison to the original schedule with the fixed speed on each link.

Hereinafter, it is interesting and necessary to discuss the relationship between the change of the total delay time and the
change of the total travel time. As shown in Fig. 3a, with the velocity adjustment, the reduction of the total delay time (i.e.,
(d1 + d2) � (d3 + d4)) is a positive number. However, the total travel time is increased by t1. For this case, train 1 reduces its
speed to decrease the waiting time at stations, but potentially increase its total travel time. In Fig. 3b, comparing the adjusted
and original schedules, the reduction of the total delay time is d1 + d2, and the change of the total travel time is t1 + t2 + t3.
Clearly, d1 = t2 and d2 = t3. Therefore, the reduction of the total travel time is larger than that of the total delay time. In Fig. 3c,
velocities of trains 1 and 2 are reduced and enhanced, respectively. Since the values of t and d are unknown. So it is unclear
that whether the reduction of the total travel time is larger than that of the total delay time. Note that, in Fig. 3c, though train
1 reduces its velocity, its total travel time still remains unchanged.

As a conclusion, there is no specific relationship between the total travel time and the total delay time. In fact, from the
perspective of the psychology, rather than wait in trains, passengers would be more willing to travel with slow velocity.
3.1. Formulation

As stated above, velocity optimization plays an important role in generating a high-performance schedule for the railway
traffic. A well-designed velocity planning can not only decrease the potential conflicts of the journey but also reduce the cou-
pling effects between different trains. In view of this aspect, we shall particularly consider the train scheduling problem with
velocity optimization to obtain a balanced timetabling plan. For formulating convenience, several assumptions are firstly
made as follows:
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(A1) We are intended to find a constant velocity for each train to minimize the delay-ratio. For simplicity, such velocity is
called as optimal velocity in our paper.

(A2) Each intermediate station has only one main track and two side tracks, which states at most three trains can stop at
each station simultaneously.

(A3) Trains can pass or overtake at any station, provided that there is sufficient capacity at the station.
(A4) The first train starts at time t0 = 0.
(A5) In our research, no dwell time and time headway will be scheduled for simplicity.

The following discussion focuses on setting up a rigid formulation for the train scheduling problem such that the least
delay-ratio can be achieved through seeking an optimal velocity for all the trains on their trips. To this end, the decision vari-
ables, the system constraints and the objectives, respectively, will be specified below.

(1) Decision Variable
As the aim of this research is to find an optimized velocity for each train on its journey, the velocity variable is then trea-

ted as the decision variable. That is,
vi: the velocity of the ith train on its journey,
V = (vi)1�N : velocity vector consisting of velocity vi for each train.
(2) System Constraints
To find an optimal velocity in the rail traffic system, this paper will relax the fixed velocity constraint in TAS (denoted by

vc
i ) to a selection interval ½vc

i � Dv ;vc
i þ Dv � identifying the range of the possible optimal velocity. Therefore, the system con-

straint can be formulated as:
vc
i � Dv 6 v i 6 vc

i þ Dv ; ð1Þ
where Dv is referred to as a pre-specified degree of velocity relaxation. In practice, different types of trains might be
scheduled on the rail line, for instance, slow trains and fast trains.

(3) Objective Function
In the real-world operations, the delay-ratio, which is defined as the ratio of the total delay time and the total free-run

time, can be adopted to reflect the reduction level of the unnecessary delay time. Obviously, the lower the delay-ratio value
is, the more balanced the schedule is. For instance, if its corresponding delay-ratio is zero, the schedule will be a balanced
one with the highest level. Then, in the process of scheduling, it is desirable that the delay-ratio be minimized with the opti-
mal speed settings in order to enhance the service level of the rail traffic. This research formulates the delay-ratio by the
following objective function F(V),
FðVÞ ¼
PN

i¼1 Tob
i ðv i;VÞ � Tf

i ðv i;VÞ
� �
PN

i¼1Tf
i ðv i;VÞ

ð2Þ
where
F(V): the delay-ratio in the optimal schedule with the velocity vector V;
Tob

i ðv i;VÞ: the time that the train i arrives at the end of its journey in the schedule with the velocity vector V;
Tf

i ðv i;VÞ: the time that the train i arrives at the end of its unobstructed journey with the velocity vi, i.e., free-run time of
train i;
N: the number of trains under the consideration.

For further clarifying the objective function F(V), we shall calculate the corresponding delay-ratio of the scheduling plan
in Fig. 3a. We assume that the pre-specified velocity vector Vc = {20,20,20} (unit: m/s). Lengths of Section 1, 2 and 3 are de-
noted by s1, s2 and s3, and s1 = s2 = s3 = 5.4 km. Train 1 departs from station 1 at time 120 s. Trains 2 and 3 depart from station
4 at time 0 s and 600 s, respectively. If we reduce the velocity of train 1 to 18 m/s, the adjusted velocity vector will be
Va = {18,20,20} (unit: m/s). After calculating, d1 = 150 s, d2 = 60 s, d3 = 120 s, and d4 = 30 s, and we have
FðVcÞ ¼
P3

i¼1ðT
ob
i ðvc

i ;V
cÞ � Tf

i ðvc
i ;V

cÞÞP3
i¼1Tf

i ðvc
i ;V

cÞ
¼ d1 þ d2P3

i¼1

P3
j¼1sj=vc

i

� � ¼ 210
810

� 0:259;
and
FðVaÞ ¼
P3

i¼1ðT
ob
i ðva

i ;V
aÞ � Tf

i ðva
i ;V

aÞÞP3
i¼1Tf

i ðva
i ;V

aÞ
¼ d3 þ d4P3

i¼1

P3
j¼1sj=va

i

� � � 150
838

� 0:179:
According to the definition of ‘‘balanced schedule’’ in this paper, it is clear that adjusted schedule is more balanced than
the original one, since FðVaÞ < FðVcÞ.

Similarly, in Fig. 3b and c, delay-ratios of the original schedules are positive numbers. While delay-ratios of the adjusted
schedules are zero, since there is no delay time appears.

(4) Mathematical Model
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The problem of searching for optimal velocities planning with the minimum delay-ratio can be formulated as
Fig. 4
min FðVÞ
s:t:

vc
i � Dv 6 v i 6 vc

i þ Dv:

8><
>:

ð3Þ
In this model, the objective function specifies the delay-ratio in the optimal train schedule with velocity vector V, and the
constraint states the interval of allowable velocity in the scheduling process. The aim is to generate optimal velocities for
different trains such that the corresponding optimal train schedule has the least delay-ratio.

3.2. Solution algorithm

In this section, we shall combine the improved TAS (ITAS) method with the GA into a new heuristics, called GA-ITAS
method, to solve the proposed model, in which ITAS is applied to scheduling trains with the given velocity selections and
GA is employed to search for an optimal set of trains’ velocities. The following discussion aims to give a detailed description
for the proposed solution methodology.

3.2.1. Improved TAS method
In formulation (3), an implicit optimization must be solved to determine an approximate optimal train timetable for any

given velocity vector V. To this end, a time-efficient schedule algorithm is expected to be designed for computing the value of
F(V). In what follows, an improved TAS method is proposed on the basis of the analysis of the train operational rules, which
ensures to generate an approximately optimal schedule with the given velocity variable within a reasonable computational
time.

In the real-world applications, due to the constraints of the rail tracks and stations, stopping at the track is generally pro-
hibited for each train, and some important operations, such as Meeting & Passing (M&P), Meeting & Overtaking (M&O), are
required to be carried out at stations. In M&P operations, the first train to arrive at a common station should stop at a siding
track at the station and then wait for the opposite train to pass, which is intended to avoid the deadlocks between the trains
in opposite directions. Likewise, the M&O operation can be used to avoid the collision produced by two trains with different
maximum velocities (e.g., a slow train runs ahead of the fast one). For this operation, the slow train can be required to stop at
a siding track of the station and wait for the fast train to overtake on the condition of enough station capacity. For more de-
tails of these two operations, we can refer to Dorfman and Medanic [14].

In this research, we shall modify an overtaking rule proposed by Dorfman and Medanic [14] to further reduce the total
delay time based on the analysis of train operational rules. In particular, we focus on the case (b) of the M&O event in Ref.
[14], because it is considered as the only case where an overtake event might take place at a considered discrete event by
Dorfman and Medanic [14]. As shown in Fig. 4a, two trains i and i � 1, in which train i is a fast train and train i � 1 is a slow
train, are traveling in the same direction with the marked position at the considered discrete event. Due to the difference of
the speed between two trains, it is obvious that a conflict will occur in their rest trips (see Fig. 4b).

For this conflict, whether an overtaking event takes place or not is determined in Ref. [14] by the speed of these two
trains. In detail, if the velocity at which train i travels on its current section S(i) (denoted by v(i, S(i))) is greater than that
of train i � 1 on the section Sði� 1Þ (denoted by v(i - 1, S(i - 1))), i.e., v(i, S(i)) > v(i - 1, S(i - 1)), an overtaking event will prob-
ably occur at station m + 1. An illustration of scheduling process can be found in Fig. 5a. However, we need particularly men-
tion that an improved overtaking rule for this case can be designed to further decrease the waiting time, described below:
sectionm section m+1

train i train i-1
fast slow

stationm station m+1

(a)

i

1i −

msection

1m +section

1m +station

2m +station

conflict

Time

Position

(b)

t

. Potential overtaking operation for two trains with different speeds: (a) positions of the train i and train i � 1 at time t; (b) a simple timetable.
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� Improved rule: If and only if t1 < t2, train i � 1 is scheduled to leave the station m + 1 and will stop at station m + 2 where
an overtaking event will occur.

In this specific rule, t1 denotes the required travel time for train i � 1 to reach station m + 2, t2 represents the travel time
that train i needs to arrive at station m + 2. Clearly, compared with the rule of Dorfman and Medanic [14], the new rule can
further reduce delay time (see tdelay in Fig. 5a and b). With the improved rule, we finally produce a more effective method,
called improved travel advanced strategy (ITAS), in our research.

For analyzing the performance of the TAS method, three criteria, namely (a) the time to clear the line, (b) the delay of all
trains, and (c) the maximal delay, are proposed in Ref. [14]. Specifically, the time to clear the line can be represented by the
following function:
J1 ¼ Tob
M ðvM;VÞ � t0 ð4Þ
where Tob
M is the arrival time at the end of the journey of the last train M on the schedule. The total delay of the trains is given

by
J2 ¼
XN

i¼1

ðTob
i ðv i;VÞ � Tf

i ðv i;VÞÞ: ð5Þ
The maximal delay criterion is defined by
J3 ¼max
i
fTob

i ðv i;VÞ � Tf
i ðv i;VÞg: ð6Þ
In addition, Dorfman and Medanic [14] especially proposed a ratio to measure the time-efficiency of the schedule ob-
tained by the TAS, formulated by
g ¼ ðT
f
MðvM;VÞ � t0Þ

ðTob
M ðvM ;VÞ � t0Þ

: ð7Þ
These four criteria will be used as extra methods to further analyze the performance of the near-optimal train schedule in
the formulation (3).

3.2.2. The genetic algorithm
In this section, genetic algorithm is designed to search for the optimal velocity of each train, where the corresponding

train schedule generated by the improved TAS can be used to evaluate the quality of the velocity selections.
As a stochastic search algorithm, genetic algorithm (GA) was first initiated by Holland [25] in 1975 based on biology evo-

lutionary theory. In recent decades, GA has been well-developed by a lots of researchers [26–29], and successfully applied to
a variety of optimal models [30–35]. In this algorithm, the population and chromosome are the two most important parts in
the searching process, where the population consists of a set of chromosomes randomly generated at the start of GA. The
fitness of a chromosome in the population is assessed by the evaluation function F(V). High-fitness chromosomes can be se-
lected with higher probability to produce the next generation via crossover and mutation operations. The algorithm will not
stop to generate new generation until the creation of a qualified generation satisfying the convergence criterion or other ter-
minal conditions. The detailed techniques in GA will be listed in the following. Firstly, we shall introduce some relevant nota-
tions in the procedure:
msection
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Fig. 5. Comparison of two different rules: (a) rule in Ref. [10]; (b) improved rule in this paper.
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pop_size: size of the populations in one generation;
gen_size: size of the genes in one chromosome;
Pc: probability of crossover operation;
Pm: probability of mutation operation.

3.2.2.1. Solution representation. For simplicity, we take the trains’ velocities as genes in the chromosome, which is repre-
sented by C = V = [v1,v2, . . . ,vN]. In GA, we need to firstly initialize pop_size feasible chromosomes. Note that a chromosome
is feasible if all genes in the chromosome satisfy the velocity constraints (1).

3.2.2.2. Selection operation. For selecting the chromosomes for the next generation, the roulette-wheel method is employed
here for selection operation. Firstly, the chromosomes in the population will be ranked in an increasing sequence according
to their fitness, marked by V1,V2, . . . ,Vpop_size.

Then, an evaluation function is used to measure the likelihood of reproduction for each chromosome. Specifically, we use
the function Eval(Vi) = a(1 � a)i�1 to firstly give the fitness of each chromosome, where a e [0, 1] is a pre-specified parameter.
Moreover, an accumulative sequence {Wk} is presented for characterizing the roulette wheel operation, i.e., W0 = 0,
Wk ¼

Pk
i¼1EvalðViÞ; k = 1,2, . . . ,pop_size.

3.2.2.3. Crossover operation. In this operation, for each chromosome i, we randomly generate a real number pi (0 < pi < 1), if
pi < Pc, we select chromosome i as a parent chromosome to breed children chromosomes. Crossover operations can be per-
formed as follows. Assume that Vi ¼ ðv i

1;v i
2; . . . ;v i

NÞ and Vj ¼ ðv j
1;v

j
2; . . . ;v j

NÞ are two parent chromosomes. Then, randomly
generate an integer number tð1 6 t 6 NÞ, with the one-point crossover operation, we produce X ¼ ðv i

1;v i
2; . . . ;v j

t ; . . . ;v j
NÞ and

Y ¼ ðv j
1; v

j
2; . . . ;v i

t ; . . . ;v i
NÞ. This progress is shown in Fig. 6. Otherwise, chromosome i will be automatically transferred to the

next generation.

3.2.2.4. Mutation operation. In this operation, for each chromosome i, we randomly generate a real number pi (0 < pi < 1). If
pi < Pm, we randomly generate an integer number tð1 6 t 6 gen sizeÞ; then randomly generate a feasible gene which satisfies
the constraint (1) to replace the tth gene of chromosome i (see Fig. 7). Otherwise, chromosome i will be automatically trans-
ferred to the next generation.

3.2.3. The GA-ITAS algorithm
Based on the aforementioned detailed analysis, GA-ITAS approach can be designed as the following procedure:

Step 1. Initialize the population which is used as the input information of the train system.
Step 2. Based on the current system information, apply ITAS approach to scheduling trains for each velocity vector and cal-

culate the corresponding delay-ratios.
Step 3. If the current status does not meet the terminal condition, use the selection, crossover and mutation operations to

update the chromosomes, and go to step 2; otherwise, go to step 4.
Step 4. Output the best solution, i.e., the optimal combination of the trains’ velocities; and then produce the corresponding

train schedule.

4. Numerical experiments

To show the efficiency and effectiveness of the proposed approach, this section will apply GA-ITAS to scheduling trains on
a railway line similar to that in Ref. [16], illustrated in Fig. 8. In this experimental railway, a total number of 16 single-track
sections, which can be used by the trains with both directions, are taken into consideration. The total length of the railway is
set as 275 km and the section lengths vary between 5 km and 30 km. Station A and station B represent the terminal stations
for trains originating and terminating, and the other stations denote ‘‘intermediate’’ stations for trains passing and overtak-
iV

jV

X

Y

v1
i vti···v2

i ··· vNi

v1
j vtj···v2

j ··· vNj

one-point 
crossover operation

v1
i ···v2

i vtj ··· vNj

v1
j ···v2

j vti ··· vNi

Fig. 6. Crossover operation in genetic algorithm.
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Fig. 7. Mutation operation in the genetic algorithm.
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Fig. 8. A simple railway line example.
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ing. Two classes of trains are considered in this set of experiments, where one class departs from station A and terminates at
station B, and the other one runs in the opposite direction. The departure interval time is assumed to be one hour. Moreover,
in GA-ITAS, Pc is set as 0.6, Pm is set as 0.5, the pop_size is set as 20 and the number of generations is set as 150.
4.1. Computational results

4.1.1. The case of homogeneous trains
In this case, we use GA-ITAS method to schedule 18 homogeneous trains, in which velocity variables are relaxed from a

pre-specified fixed value 20 m/s to the potential integers varying between 18 m/s and 22 m/s. The ITAS method is also em-
ployed to schedule 18 homogeneous trains with the fixed velocity 20 m/s for comparative convenience. In the experimental
results, the optimal combination of trains velocities in GA-ITAS turns out to be VG = {20, 19, 22, 19, 18, 20, 18, 22, 22, 18, 19,
22, 21, 22, 19, 21, 18, 18} (unit: m/s), which leads to the total travel time 4512.23 min and produces 100.27 min reduction
compared with 4612.5 min in the ITAS. It is noteworthy that in comparison to that in the ITAS, the trajectories of some trains
in the result of GA-ITAS can be improved to a great extent. For instance, the eighth up stream train (direction: from station A
to station B) is scheduled to stop at the stations for five times in the ITAS, and its total waiting time is 2950 s. However, in the
GA-ITAS, the same train is only planned to stop at the stations twice due to the generated optimal velocities, and its total
waiting time is reduced to 1770 s. The timetables obtained by ITAS and GA-ITAS are given in Fig. 9a and b, respectively.

In order to further compare the performance of the generated schedules, we give the results of three criteria and two ra-
tios corresponding to solutions produced by the ITAS and GA-ITAS in Table 2. The relative errors e (e ¼ ðZGA�ITAS � ZITASÞ=ZITAS)
are also reported for different items. In the experimental results, it is obvious that the total delay time J2 in GA-ITAS is
notably less than that in ITAS, which indicates that relaxing the constraints of train velocity essentially contributes to the
reduction of the total delay time in the process of scheduling the trains. Likewise, the maximal delay time (criteria J3) in
the GA-ITAS reduce almost 995 s compared to that produced by ITAS. Additionally, although the time-efficient ratio g by
the ITAS takes a high value, it is still less than that produced by the GA-ITAS, which also states the time-efficiency of the
schedule obtained by the GA-ITAS is better than that via the TAS. As for the objective function, the optimal objective function
by GA-ITAS algorithm is only 0.0834 in our model, while the optimal objective produce by ITAS turns out to be 0.1182. This
result essentially verifies that the GA-ITAS can keep the delay time of the trains in a more balanced state. However, we need
to point out that since the average velocity (18 m/s) of the last two trains in the GA-ITAS is lower than the fixed velocity (20
m/s) in the ITAS, the time to clear the line, i.e., J1 in the former algorithm, is slightly longer than that in the latter, though
there is only one stop of the two trains in the GA-ITAS.

On the basis of the analysis above, we finally conclude that the train timetable obtained by GA-ITAS is apparently more
suitable than that obtained via ITAS in the case of homogeneous trains, above all, in the aspects of the total delay time and
the time-efficiency.
4.1.2. The case of heterogeneous trains
In this set of experiments, two classes of trains, i.e., slow train and fast train, will be taken into consideration to test the

proposed approaches. Assumptions for slow trains are the same to that in the case of homogeneous trains, while the velocity
of the fast train is assumed to be an integer and varies between 28 m/s and 32 m/s. According to the service requirements,
slow train and fast train are scheduled to depart from their origin in turn, and the departure time interval is set as one hour.
In the experiment results, the total travel time of trains are 4006.11 min in the TAS, 3900.28 min in the ITAS, and
3848.91 min in the GA-ITAS, respectively. The relative errors l = (ZITAS � ZTAS)/ZITAS, for each item are given in Table 3 where
we can see almost all of the criteria in ITAS is better than those in TAS. That is, the proposed ITAS is more effective than TAS.

In addition, the optimal conbination of the velocities obtained by the GA-ITAS is VG = {19, 22, 31, 29, 18, 21, 30, 30, 18, 18,
30, 32, 18, 19, 30, 31, 21, 18} (unit: m/s). In Table 3, results of the case of hetergogeneous trains are given, and the relative
errors e (e ¼ ðZGA�ITAS � ZITASÞ=ZITAS) for each item are also calculated.



Fig. 9. Schedule for the case of homogeneous trains in two models: (a) ITAS and (b) GA-ITAS (Pc = 0.6, Pm = 0.5).

Table 2
Performance criteria and ratios for the case of homogeneous trains (Pc = 0.6, Pm = 0.5).

J1 J2 J3 g delay-ratio

ITAS 43600 s 29250 s 3400 s 0.9760 0.1182
GA-ITAS 44911 s 20800 s 2405 s 0.9814 0.0834
e 0.0301 �0.2889 �0.2926 0.0055 �0.2944

Table 3
Performance criteria and ratios for the case of heterogeneous trains (Pc = 0.6, Pm = 0.5).

J1 J2 J3 g delay-ratio

TAS 44183 s 29533 s 4650 s 0.9630 0.1401
ITAS 43783 s 28183 s 4550 s 0.9718 0.1099
GA-ITAS 44652 s 14423 s 3567 s 0.9871 0.0666
l �0.0091 �0.0457 �0.0215 0.0091 �0.2156
e 0.0198 �0.4882 �0.216 0.0157 �0.394
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Clearly, we can see that the statistical characteristics of the data in Tables 2 and 3 are almost consistent to each other.
Thus, the results of the case of homogeneous trains can be equivalently applicable to the heterogeneous case, i.e., the GA-
ITAS method in the train scheduling problem works more efficiently than the ITAS method. However, some differences still
exist between these two set of experiments. Specifically, most of the relative errors e in this case are roughly equal to or bet-
ter than that in the homogeneous case, except for J1 which is greatly influenced by the velocities of the last two trains.
Compared with the ITAS, the GA-ITAS greatly reduces the total delay time J2 by 48.82% in this case, while only 28.89% in



Fig. 10. Schedule for the case of heterogeneous trains in three models: (a) TAS, (b) ITAS, and (c) GA-ITAS (Pc = 0.6, Pm = 0.5).
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Table 4
Means and standard deviations of different performance criteria.

J1 J2 J3 g delay-ratio

Pc = 0.3, Pm = 0.3 44652 s 14423 s 3567 s 0.9871 0.0666
Pc = 0.3, Pm = 0.8 44490 s 14412 s 3567 s 0.9907 0.0667
Pc = 0.6, Pm = 0.5 44652 s 14423 s 3567 s 0.9871 0.0666
Pc = 0.8, Pm = 0.3 44228 s 14603 s 3450 s 0.9784 0.0677
Pc = 0.8, Pm = 0.8 44490 s 14412 s 3567 s 0.9907 0.0667
Mean 44502 s 14455 s 3544 s 0.9868 0.0669
Standard deviation 69.4 33.2 21.0 0.0020 0.0002

Fig. 11. The value of J1 ((a) homogeneous trains; (b) heterogeneous trains).

Fig. 12. The value of J2 ((a) homogeneous trains; (b) heterogeneous trains).
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the case of homogeneous trains. This is to say, the larger differences among the trains’ velocities are, the more coupling effect
among the trains will be produced. Therefore, when the constraint of train velocity is relaxed, the limited railway resource
might be employed with a much high utilization rate. More simulations and results will be presented in Section 4.1.3, which
essentially strength the illustration of the above analysis. In Fig. 10, the scheduling diagrams in the case of heterogeneous
trains in the TAS, ITAS and GA-ITAS are given.

To make a more meaningful comparison between the ITAS and GA-ITAS methods, we run the GA-ITAS method many
times and report the mean and standard deviation of the evaluation values. Detailed results can be referred to Table 4.
4.1.3. The performance of the GA-ITAS
In this section, for different numbers of the trains scheduled on the rail line, the evaluation criteria and ratios mentioned

above are computed to demonstrate the characteristics of the generated schedules. In these results, we can analyze the



Fig. 13. The value of J3 ((a) homogeneous trains; (b) heterogeneous trains).

Fig. 14. The value of g ((a) homogeneous trains; (b) heterogeneous trains).
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performance of the GA-ITAS method from the statistical perspective compared with the benchmarks provided by ITAS. In the
experiments, the relevant assumptions for trains are also the same to that listed in Sections 4.1.2 and 4.1.3. Fig. 11 shows the
values of J1 produced by ITAS and GA-ITAS, respectively, with different numbers of the trains and different parameters Pc and
Pm. It follows from this figure that in the cases of homogeneous trains, J1 produced by GA-ITAS are roughly consistent to that
in ITAS, but the former is generally bigger than the latter in the case of heterogeneous trains.

As addressed above, J2 is used to represent the total delay time in the schedule of the involved trains. In Fig. 12, it is clear
that J2 in ITAS is greater than that in GA-ITAS for two sets of experiments, and what’s more, the gap is fairly large for the case
of heterogeneous trains. As J2 is a crucial criterion to reflect the performance of the train schedule, the GA-ITAS method
shows its efficiency and effectiveness in producing a high-quality schedule for both cases of the homogeneous and hetero-
geneous trains when compared with the ITAS approach.In Fig. 13, the maximal delays J3 produced by ITAS and GA-ITAS,
respectively, have not clear tendencies with the increase of the number of trains. Nevertheless, in the case of heterogeneous
trains, for each schedule with respect to different number of trains, J3 in GA-ITAS is always less than that in ITAS.

‘‘The high value of g shows that the railway system indeed works efficiently’’ is a conclusion in Ref. [14]. With this result,
according to the values of g in Fig. 14, both the GA-ITAS method and the ITAS method can make the railway system works
efficiently, and as expected, the former is significantly better than the latter.

Fig. 15 displays the values of the delay-ratio F(V). It is easy to see that, compared with the values of F(V) in TAS, the ones in
GA-ITAS decreases remarkably. On one hand, this phenomenon verifies the validity of the GA-ITAS algorithm in generating a
balanced train schedule. On the other hand, it proves the operability of our core idea. That is, it is possible for us to find an
optimal combination of trains’ velocities via optimizing the relative delay level ratio F(V), and then obtain a schedule with
the least unnecessary delay time, i.e., a balanced schedule.

As a conclusion, in most situations, during the process of searching for an optimal schedule with the least delay-ratio, the
other criteria and ratios can be also optimized simultaneously, especially for J2. Interestingly, in both homogeneous and
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heterogeneous cases, it is easy to see that the gap between the total delay time (i.e., J2) produced by ITAS and GA-ITAS might
be enlarged with the increasing of the numbers of trains. This result also states that the proposed GA-ITAS is very effective in
generating a high-quality schedule for the large-scale problem. However, from Figs. 11 to 15, there are also few points are
aberrant. This is a norm phenomenon because that GA is essentially a probabilistic search method.
4.2. The convergence of the GA-ITAS algorithm

To further investigate the convergence of the GA-ITAS approach, the iterative processes of this algorithm in case of het-
erogeneous trains are given in Fig. 16. In this set of experiments, different numbers of trains, i.e., 6, 10, 14 and 18, respec-
tively, are considered on the railway link listed in Fig. 8. It is easy to see from Fig. 16 that the proposed GA-ITAS algorithm can
be quickly convergent for each group of trains within 80 iterations, where 20 chromosomes are generated for each popula-
tion in the algorithms. This result also indicates the steadiness and robustness of genetic algorithm in seeking an optimal
scheduling plan.

Since the GA is a probabilistic search technique, different random seeds will produce different answers for a same prob-
lem. Take the case of 18 heterogeneous trains as an example. In Fig. 17, we report the optimization processes produced with
different values of Pc and Pm, in which although the finally generated approximately optimal objectives are slightly different,
their convergent tendencies are still similar to each other.
Fig. 15. The value of F(V) ((a) homogeneous trains; (b) heterogeneous trains).

Fig. 16. Optimization processes of GA-ITAS (Pc = 0.6, Pm = 0.5).



Fig. 17. Optimization processes of GA-ITAS with different Pc and Pm.
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5. Conclusions

Combining the ITAS method and genetic algorithm, this research proposed an improved simulation model for scheduling
trains, called GA-ITAS method, where the ITAS method is the improved method developed based on the TAS method pro-
posed by Dorfman and Medanic [14]. Different from the researches in literature, the velocity optimization was particularly
considered as a decision variable to reduce the coupling effects caused by the velocity difference, and then generated an opti-
mal schedule with the balanced characteristics. Several indices, including the time to clear the line, the delay of all trains, and
the maximal delay, were employed in this research to further evaluate the performance of the generated schedule. The
numerical experiments were implemented on a well-connected rail line with 17 stations for the cases of homogenous
and heterogeneous trains. The computational results demonstrate that compared with TAS, the proposed approaches in this
research can find a more high-quality train schedule under the evaluation of different indices.

Additionally, it is worth pointing out that the proposed approaches can be easily generalized to a more complex case, i.e.,
considering the velocity decision variables on each link rather than on the entire journey. Besides, the micro operations and
energy consumption are not considered in the scheduling process. These aspects can be treated as the new topics in future
researches.
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