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Abstract-In this paper we extend the range of inverse kinematics by integrating mass distribution 
information to embody the position control of the center of gravity of any articulated figure in single 
support (open tree structure). The underlying control architecture of main and secondary behaviors (or 
tasks) is used to associate this new approach to other behaviors. We evaluate the use of these techniques 
for motion control and we present cascaded control as a way of hierarchically combining balance and 
other goal-oriented behaviors. The combined quality of providing realistic motions in real-time 
significantly improves the potential interaction with the human model in virtual reality applications 
and, more generally, enhances the posture and motion design process for complex articulated figures. 
Copyright 0 1996 I&vier Science ctd 

1. INTRODUCTION 
In this paper we focus on interactive design of 
realistic postures in the sense of static analysis. Our 
approach only requires the topological, geometrical, 
and mass distribution information of the articulated 
figure. The range of inverse kinematics has been 
extended by integrating the mass distribution in- 
formation to embody the control of the position of 
the center of gravity of any articulated figure in single 
support (open tree structure). The framework of 
direct and inverse kinematics is still valid in this new 
context because it expresses the resulting combina- 
tion of kinematics and mass distribution; we there- 
fore refer to it as direct and inverse kinetics. The 
underlying control architecture of main and second- 
ary tasks (or behaviors) is used to associate the 
position control of the center of gravity with other 
optimization behaviors. 

First, we analyze the state of the art in the balance 
control of an articulated figure and stress the 
incomplete use of the mass distribution information. 
Then, we recall the basic concepts of inverse 
kinematic control, its strengths and weaknesses. 
The next section introduces how we can use the 
mass distribution information for a robust control of 
the position of the center of mass. The next section 
presents the cascaded control scheme, which allows 
the hierarchical combination of balance and other 
goal-oriented behaviors. The paper ends with various 
2-D examples and one 3-D illustration with an 
emphasis on posture optimization and motion 
control. 

+ Author for correspondence. 

2.1. Review 
2. BACKGROUND 

In [l-3], human balance control is one aspect of 
the design and analysis of body posture by means of 
kinematic constraints and behavioral functions. 
Their approach to controlling the position of the 
center of mass is completely described in 121. For 
these authors, the center of mass is considered as an 
end effector attached to the lower torso region. It is 
controlled by inverse kinematics with the ankle, knee, 
and hip joints of the dominant leg (the one 
supporting most of the weight) as the constraint 
variables. This approach has proven to be effective in 
managing the position of the center of mass but some 
aspects make its use rather limited and its back- 
ground kinetically unrealistic (see Section 5). 

Although not directly focusing on the position 
control of the center of mass, the work of Lee [4] 
belongs to the same research stream as it tries to 
identify a comfort model integrating human strength 
information in order to realistically perform some 
reaching task. As such, it should be able to improve 
the understanding of posture control for general 
reach tasks. Unfortunately, due to a lack of strength 
data for other joints, the model is limited to the upper 
body and especially the arm chain, from the shoulder 
to the hand [4]. Other approaches [S-7] have also 
considered the control of the center of mass. The 
system presented in [6], dedicated to bipedal walking, 
is mostly kinematic but also includes some dynamic 
rules so as to maintain the center of mass within the 
support polygon. A similar approach [5] has defined 
kinematic and dynamic rules so as to partially 
control balance via the position of the center of 
mass, and to minimize the effort developed by the 
muscles. The approach is applied to optimize various 
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motions such as walking, sitting on a chair and 
climbing stairs. Despite the fact that this author can 
successfully manage the balance in the case of sitting 
(and especially, getting up from a seat), the control of 
the center of mass is actuated only with the bending 
of the torso, which limits its range of application. 

Dynamic control of articulated figures has been 
proposed to produce physically realistic postures and 
animation [8, 91. A recent approach [8] provides a 
control algorithm to generate realistic running and 
jumping motions. Such motions present a ballistic 
phase and at most a single support phase. As the 
authors themselves state, the control of double 
support phases, as in walking, is still very difficult 
to handle [lo]. This is due to the requirement to 
manage the ground reaction force in order to 
perform a realistic motion. On the other hand, the 
results presented in [9] concentrate on statically stable 
multi-legged walking. There are always more than 
two legs supporting the articulated character so that 
the center of gravity generally lies in the sustentation 
polygon. In such a context balance control is a less 
important issue than the coordination of the legs. 
Optimal control is a promising approach for natural 
postures and animation design [11-131 but it still 
faces severe limitations in terms of calculation cost. 

2.2. Discussion 
Physically realistic approaches, such as dynamic or 

optimal control, are not yet suited for interactive 
design of human postures due to the difficult 
handling of their associated parameter space (torque, 
muscle activation) or the additional parameter added 
by the control approach (energy storage, manage- 
ment of the ground reaction force). They are not 
intuitive and easy to handle for an animator as stated 
in [8]. Moreover, a higher level approach based on a 
human comfort model still faces severe lack of data 
for realistic strengths [4]. Finally, regarding optimal 
control, its major limitation comes from the high 
dimension of the human figure (e.g. 88 degrees of 
freedom in [2]), preventing real-time interaction on 
current workstations. 

Conversely, inverse kinematics lacks physically 
based guarantees which limits its application either 
to interactive postural design and optimization or to 
motions with negligible dynamics (slow speed with 
minimal frictional and inertial effects [2]). This 
approach is rather successful within this context 
and especially by means of behavioral control [3], but 
we have quoted serious problems related to the 
control of the center of gravity which can reduce the 
validity of postures resulting from their balance 
behaviors. Although the strength-based approach of 
Lee is very stimulating it does not address the 
position control of the center of gravity. An equally 
important shortcoming of inverse kinematics, espe- 
cially for redundant mechanisms, is its intrinsic 
property of providing a local solution without any 
means of knowing whether other solutions exist [14]. 
The optimization of a secondary criteria has been 

widely used in robotics to improve that aspect [15-l 71 
but there is still no guarantee of avoiding local 
minima. Moreover, analysis of the unrealistic de- 
mands on mechanism performance induced by the 
use of the secondary task is clearly developed in f 171. 

For these reasons, we propose an extension of 
inverse kinematics which takes into account the mass 
distribution of the whole body, resulting in a new 
control metaphor we call inverse kinetics. Our 
approach is completed with optimization behaviors 
which allow a coherent and kinetically realistic 
management of postures with single support in the 
sense of static analysis. Finally, we examine the second 
order inverse kinetics solution for motion control. 

3. INVERSE KINEMATICS 

As stated before, inverse kinematics is a technique 
mostly used to control or constrain strategic parts of 
the articulated figure, whose location depends on a 
set of parameters, usually joints values. The asso- 
ciated control scheme is based on a linearization of 
this problem at the current state of the system. 
Consequently, its validity is limited to the neighbor- 
hood of the current state and, as such, any desired 
motion has to comply with the hypothesis of small 
movements, The discrete form of the general solution 
provided by inverse kinematics is: 

Aff = J+Ax + (I - J+f)Az (1) 

where A0 is the unknown vector m the joint 
variation space, of dimension n. 

Ax describes the so-called main behavior as a 
variation of one or more end effector position and/ 
or orientation in Cartesian space. Its dimension, 
noted m, is usually less than or equal to n, to be of 
interest for inverse kinematic control. 

.Z is the Jacobian matrix of the linear transforma- 
tion representing the differential behavior of the 
controlled system over the dimensions specified by 
the main behavior (Fig. 1). 

Jf is the unique pseudo-inverse of J providing the 
minimum norm solution which achieves the main 
behavior [Figs 1 and 2(a)]. 

Z is the identity matrix of the joint variation space 
(n x n) 

(I- .Z+.Z) is a projection operator on the null space 
of the linear transformation J. Any element belong- 
ing to this joint variation sub-space is mapped by J 
into the null vector in the Cartesian variation space 
[Figs 1 and 2(b)]. 

AZ describes a secondary behavior in the joint 
variation space. It is partially realized by the 
projection on the null space. The second part of the 
equation does not modify the achievement of the 
main behavior for any value of AZ. 

4. DIRECT AND INVRRSE KLNETICS 

Section 2 has reviewed different approaches related 
to the control of the center of mass and we have 
stressed a real need for a general and robust method 
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n --)J to 

joint variation space Cartesian variation space 

Fig. 1. Illustration of the joint variation space partitioning with inverse kinematics. 

suited for such control. The basic principle of our 
approach is to evaluate the kinetic influence of the 
joints based on the fraction of the total body mass 
they support, i.e. their augmented body. More 
precisely, the augmented body associated with a joint 
is the imaginary rigid body which is supported by this 
joint at the current state of the system. Figure 3 
shows the center of mass of all the augmented bodies 
of an articulated chain and the augmented body 
associated with one joint. 

Our method consists first of evaluating the kinetic 
influence of the joints by relating instantaneous joint 
variations with the corresponding instantaneous 
translation of the total center of mass (direct 
kinetics). In a second stage the matrix of the resulting 
linear transformation is inverted in a process similar 
to inverse kinematics. However, since it integrates the 
mass distribution information, we call it inverse 
kinetics. 

4.1. Construction of the direct kinetics Jacobian 
Let f7 be the parameter vector of an open 

articulated chain made of n elementary bodies. Each 
elementary body i has a mass mi, a local origin Oi and 
a local center of gravity Gi. For the sake of clarity, 
the origin 01 is located on the origin of the reference 
frame S,. The position of the center of gravity G of 
the whole chain, with a total mass m, is given by the 
following vector formula: 

(2) 

We now introduce the intermediate links between 
01 and the Gi: 

+ OiGi (3) 

By differentiating with respect to time, we get the 
instantaneous translation vector of the center of 
gravity Vo expressed in frame So: 

Each vector’s fist derivative with respect to time 
can be expressed as a function of the instantaneous 
rotation vector wj due to the variation of parameter 
9j, noted 

Oj = 9jrj (4 

Vo =i$mj X (emiO,G,)) (5) 
i=j 

We can now introduce the position of the center of 
gravity G, of the augmented body (of mass m,J 
associated with the parameter ~9,. The augmented 
body is the instantaneous rigid body composed of all 
the elementary bodies supported by the joint j. Again 
we have: 

So, using Eqs. (4) and (6), Eq. (5) becomes: 

VG = $ [z (rj X OjG,)] f?j (7) 

and finally: 

VG = [JG]e (8) 

Fig. 2. Inverse kinematic control: (a) minimal norm solution for a desired translation; (b) solution 
belonging to the kernel of the joint variation space. 
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Fig. 3. Centers of mass of the augmented bodies for one 
posture of an articulated chain. 

where [Jo] is the Jacobian matrix weighted by the 
mass ratio of the augmented bodies to the total body, 
relating instantaneous translation of the center of 
mass to the instantaneous variations on the para- 
meters. Conversely, the pseudo-inverse of this Jaco- 
bian matrix can be evaluated, providing an 
instantaneous variation of the parameters related to 
a desired instantaneous translation of the center of 
mass. In that sense it is correct to propose terms of 
direct and inverse kinetics because it significantly 
extends the range of direct and inverse kinematics for 
the control of articulated structures. We can also 
apply the principle of conservation of momentum on 
the augmented bodies center of gravity to demon- 
strate the direct kinetics fundamental relationship 
1191. 

4.2. Inverse kinetics 
In fact, inverse kinetics is much more useful than 

direct kinetics because it provides instantaneous joint 
rotation realizing a desired instantaneous translation 
of the total center of mass. This property is used in its 
variational formulation as an approximation to solve 
the position control of the center of gravity (under 

VG 

(a) 

the hypothesis of small movements). In a parallel 
fashion to inverse kinematics, we can invert the 
kinetic Jacobian by evaluating its pseudo-inverse and 
the general expression of discrete inverse kinetics IS 
also given by Eq. (1) with the kinetic Jacobian .I<; 
replacing J: 

Three characteristics of such a variational ap- 
proach are fundamental for the understanding of 
inverse kinetics: 

This method provides a local solution [14]. For 
example, given a position to reach for the center of 
mass, the final posture of the articulated figure 
depends on the initial configuration. Other solu- 
tions, if they exist, cannot be evaluated; they can 
only be guessed from the dimension of the null 
space. 
The secondary behaviour should express the 
minimization of a cost function. If the main 
behavior belongs to the image space of Jo then 
the null space is n-m dimensional. This means 
that the rank of the null space expresses the degrees 
of freedom which can be controlled using the 
secondary task. As inverse kinetics and inverse 
kinematics share the same joint variation space, we 
can take advantage of the already existing optimi- 
zation behaviors in this space 11%171. We have 
previously introduced two optimization behaviors: 
a support torque minimization behavior and a 
static joint torque minimization combined with an 
attraction to a predefined “rest posture” [ 18-191. 
In Section 7 we develop an important class of 
secondary tasks using the so-called cascaded 
control, 
The configuration may become singular. This 
situation is due to an alignment of the segments 
constituting the articulated figure leading to a loss 
of mobility of the center of mass in that direction. 
The Jacobian has a loss of rank or, even worse, a 
very small singular value along that Cartesian 

(b) 

Fig. 4. Comparison of inverse kinetics (a) and inverse kinematics (c) for position control of the center of 
mass (b). 
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dimension inducing by inversion a solution norm 
growing to infinity when a behavior is required in 
that direction. We use an elegant solution to this 
problem called the damped least square (described 
in [18]) where the norm of the solution is limited 
near the singular cases. 

center of mass to the velocity and the acceleration of 
the joints. We have: 

As direct and inverse kinetics is a variational 
method it is more suited for static posture optimiza- 
tion (as already stated for inverse kinematics in [2]). 
We now detail what makes inverse kinetics superior 
to inverse kinematics for the position control of the 
center of mass. In the next section we introduce 
second order direct and inverse kinetics and 
evaluate its potential for motion control of articu- 
lated figures. 

5. INVERSE KINETICS VERSUS INVERSE KINEMATICS 

Figure 4 illustrates the problems arising from the 
use of pure inverse kinematics to handle the position 
control of the center of mass (as in [5, 61). Let us first 
define the context of this example which is a very 
general case. Each joint and related vector informa- 
tion are indexed with a number from 1 to 3 according 
to the associated segment. The center of mass of each 
segment is represented by a small square while the 
center of mass of augmented bodies are proportional 
to the corresponding mass. Please note that the first 
augmented body is the whole body while the third 
one is only the last segment [Fig. 4(b)]. 

In fact inverse kinematics and inverse kinetics only 
provide the same instantaneous velocity for the first 
joint because its associated augmented body coin- 
cides with the whole body, and so do their respective 
center of mass. But the further we move along the 
articulated chain the more the associated augmented 
body differs from the whole body. This in turn 
induces large errors in both magnitude and direction 
on the resulting instantaneous velocity of the global 
center of mass. 

Basically, as inverse kinematics does not integrate 
the mass distribution information, the instantaneous 
velocities magnitudes are generally too important for 
distal joints. A clear example is given for the third 
joint contribution VG3, which provides a small 
contribution for the direct kinetics Jacobian [Fig. 
4(a)] while it is wrongly oriented and holds a rather 
important magnitude for the direct kinematics 
Jacobian [Fig. 4(c)]. 

So the approach described in [5, 61 has two major 
limitations: 

l it is not consistent with the body mass distribution 
of the articulated structure; 

l it is very specific to the human standing posture 
thus preventing its generalization; 

6. SECOND ORDER DIRECT AND INVERSE KINETICS 

Second order direct and inverse kinetics are 
obtained by differentiating relation (8) with respect 
to time in order to relate the acceleration of the 

Second order direct kinetics: 

Where AG is the acceleration of the center of mass, 
19 is the acceleration of the joint and JG is the time 
derivative of the direct kinetic Jacobian. By rearran- 
ging the terms and inverting the direct kinetics 
Jacobian we obtain: 

ti = J$(AG - jGb) + (I- J’$J& (11) 

Finally the discrete form of second order inverse 
kinetics is given by: 

A2eG = c(A2xG - AJ~L~~) + (I- J$J~)A*z~ (12) 

Where we recognize the same structure as in 
expression (1). So we have an equivalent partition 
of the second order joint variation space into a null 
space and its complementary. A classical PD control 
scheme can be used to drive the center of mass 
toward its target position [15-171: 

with 

A*XC = &EC +&A&G (13) 

EG = XGgoal - XGcurrenr (14) 

Where &G is the error vector between the goal and 
the current position of the center of mass. Kp 
expresses the proportional term (equivalent to a 
constant spring stiffness) and KY expresses the 
derivative term (a negative damping factor). How- 
ever, according to the validity context of expression 
(12) which requires compliance with the hypothesis 
of small movements, we have to limit the acceleration 
norm of the center of mass. 

Fig. 5. Cascaded partition of the joint variation space in 
cascaded control. 
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Fig. 6. Interactively moving upward the center of mass of a fern crazier with first order inverse kinetics. 

7. FIRST AND SECOND ORDER CASCADED CONTROL 

Kinetic and kinematic control schemes share one 
common space, i.e. the joint variation space (and 
second order variation space for the present study). 
For this reason the configuration variation provided 
by one of these methods can be mapped on the null 
space of the other one as a new class of optimization 
behavior. 

A simple example of the great interest of this is a 
reaching behavior (main behavior of inverse kine- 
matics) with balance control (inverse kinetics pro- 
jected on the null space of the inverse kinematics 
main behavior). Figure 5 describes the resulting 
partition of the joint variation space which can be 
pursued in more cascaded levels as long as there 
remains one dimension left for the lowest level null 
space. 

Two dual expressions for the so-called cascaded 
control emerge depending on which behavior is given 
the highest priority. If the inverse kinematics 
(Jacobian J,) has a higher priority (Fig. 5) then: 

Aeec = qAxe 

Otherwise, if the inverse kinetics (Jacobian Jo) has 
a higher priority: 

AeGc = .(@XG 

+ (4 - -f&k) (CAxe + (1, - J,‘Je)Azoe) 

(16) 

8. SIMULATION RFSULTS 

Our approach is better illustrated with 2-D-models 
in order to unambiguously visualize the position 
control of the center of gravity. However, our 
method can be used for general tree-structured ~3-D 
articulated chains in single support as we show. in the 
3-D example. Our goal is to show that we can only 
achieve realistic results with a mass distribution of 
the model. Such data can be derived as a first 
approximation from a volume distribution or identi- 
fied roughly from multiple views. Conversely, it is 
very difficult to find data on more elaborate 
quantities as strengths and general joint modeling 
as required by other approaches. 

The 2-D representation of the articulated struc- 
tures reflects the mass distribution in the following 
way: a segment & is defined between joint i and 
joint i + 1. It has a length Li and a mass mi; its width 
li is only displayed at the end-effecter side. of the 
segment and its value is proportional to (m&J. In 
such a way the final display shows a continuous 

Fig. 7. Rest and predicted postures of the Mallard bird for a “reach and balance” behavior 
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Fig. 8. Removing a thorn from one’s foot with right hand and left foot as end effeetors. The center of mass 
is displayed as a gray cube. 

envelop if all the joint angles belong to the interval 
plus or minus n/2. 

8.1. First order inverse kinetics 
The following simulation with a fern crazier 

highlights the precise position control of the first 
order inverse kinetics on the center of mass. The 
inverse kinetics algorithm directly acts on the 
position of the center of gravity in Cartesian space. 
In Fig. 6, it is interactively moved upward along the 
vertical line of support (note the small black square). 
As such the resulting postures strictly express the 
balance of the two parts of the fern with respect to 
the vertical line of support. The unrolling derives 
from the upward variation of position of the center 
of gravity by definition of inverse kinetics. 

8.2. First order cascaded control 
For any biped entity to achieve balance, the 

projected center of gravity should be in the so-called 
support polygon (for human beings, it is made by the 
feet between the ankle and toe joints. When the toe 
joint is fixed, the so-called vertical line of support is 
passing through the center of support located a few 
centimeters in front of the ankle joint. 

We have first selected a bird behavior for that 
purpose due to the availability of radiographs of the 
living animal (a mallard bird, p. 79 in [21]). This 
example is of great interest because the radiographs 
have been used to identify the initial rest posture and 
to validate the posture predicted with cascaded 
control. Three of the body segments are rigidly 
connected in this simulation. Their purpose is to 
adjust the mass distribution so that the center of mass 

projection lies just in front of the “palm” joint in the 
rest posture. 

The cascaded control of inverse kinematics with 
inverse kinetics as a secondary task is used to ensure 
a reaching and orienting task of the beak as main 
behavior (for drinking) while maintaining the balance 
of the subject as a secondary behavior (Fig. 7). 

A human skeleton model has also been used to 
show the generality of the approach. In Fig. 8 we 
show the use of inverse kinetics in a situation where 
balance control has the highest priority and two end 
effecters (right hand and left foot) have to reach each 
other, say, to remove a thorn. It clearly illustrates the 
correct position of the center of mass achieved with 
the cascaded control. 

0 10 20 30 40 50 60 

Fig. 9. First order and second order kinetic control 
accelerations. 
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Fig. 10. Moving the center of mass upwards with (a) first order control and (b) second order control. 

8.3. Second order kinetic control 
With second order kinetic control, as expected, we 

got a much smoother movement where the artificial 
kind of motion resulting with a constant velocity is 
overridden. Figure 9 shows both the curve corre- 
sponding to the acceleration produced with the first 
order control (very close to zero) and the second 
order control. In Fig. 10 we can see the different 
motions we get with the two different approaches in a 
superposition of images resulting when moving the 
center of mass upwards. Note the different displace- 
ments of the beak. 

9. CONCLUSION 

In this paper we have demonstrated the robustness 
of inverse kinetics for the position control of the 
center of mass. Such a technique has important 
application fields as CAD/CAM of articulated 
structures, ergonomics and computer animation for 
interactive control of articulated figures. Its purpose 
is to help the design of kinetically realistic postures 
and movement in the sense of static analysis. 

Two major arguments advocate the use of our 
approach. First, mass distribution is a very intuitive 
set of parameters; it does not add the cognitive 
burden of the additional parameter space appearing 
in dynamics for example. Once the mass distribution 
is set, the control is as intuitive as inverse kinematics. 
Our approach fits into existing high level interface of 
behavioral control of human figures; it brings the 
necessary realism for static positioning according to 
the mass distribution of the figure. Second, the 
calculation cost is comparable with inverse kine- 
matics, hence allowing true interactive design of 
postures. 

The second order inverse kinetics have shown 
interesting features once the parameters have proper 
values. The additional tuning of the control is still 
intuitive for animation designers. 
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