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ABSTRACT 

 
Image filtering methods are crucial in a large number of 
applications where the relevant information is either noisy 
or partially missing. More particularly in 3D microscopy, 
cell membranes appear as structures of co-dimension 2, and 
suffer from discontinuities in intensity and orientation. 
Anisotropic PDE-based approaches offer an elegant solution 
to these problems, by integrating spatial and orientation 
information in a flexible and robust manner. In this work we 
propose a new tensor-based anisotropic model specifically 
adapted to 2D planar structures able to perform noise 
reduction and contrast enhancement simultaneously. 
Evaluation on synthetic and real data as well as comparison 
with previous works show that the model is well adapted for 
cell membrane structures. 
 

Index Terms— PDE-based diffusion, anisotropic 
tensor, biological imaging, cell membranes   
 

1. INTRODUCTION  
 

PDE-based image filtering is an important field of research 
in image processing, and more particularly in microscopy 
imaging, where the structures of interest generally exhibit a 
low signal-to-noise ratio and suffer from discontinuities in 
intensity and in structure orientation. In 3D microscopy of 
dense tissues, the optical system and the highly cluttered 
environment induce numerous disturbances during the 
acquisition process: a) inhomogeneous signal inherent to the 
fluorescent labeling of the specimen; b) light scattering due 
to neighboring tissue when imaging in-depth; c) blur effect 
induced by the optical transfer function of the microscope; 
d) low depth resolution of confocal optical systems; e) 
Gaussian additive noise induced by the electronics of the 
detector. As a result, the extraction of planar structures of 
co-dimension 2 such as cell membranes is particularly 
challenging. 

In this paper we propose an anisotropic tensor-based 
PDE model for membrane denoising and enhancement. 
PDE-based approaches are well suited for the problem at 
hand, as their formalism is flexible enough to model co-
dimensional structures, while structural discontinuities in 
both intensity and orientation can be recovered by 

propagating spatial information through the use of diffusion 
tensors. 

After reviewing some previous works in the field of 
PDE-based image filtering, we describe our new filtering 
model, and compare it to related approaches developed for 
cell membrane filtering. 
 

2. RELATED EFFORTS 
 
Substantial efforts have been conducted since the relation 
between the heat equation and the Gaussian convolution was 
demonstrated more than 2 decades ago [1]. We review 
below the pioneering works in non-linear and anisotropic 
diffusion, and refer the reader to [2] for a more 
comprehensive overview of the domain. 
 
2.1. The non-linear diffusion approach  
 
In order to reduce the undesirable effects of isotropic 
diffusion, Perona and Malik [3] replace the constant 
conductivity factor of the heat equation with a non-
increasing function of the gradient norm. The well-known 
non-linear equation is written as: 
 

€ 

∂U
∂t

= div g ∇U( )∇U[ ]  (1) 

where one possible g function is : 
 

€ 

g s( ) =
1

1+ s /K( )2
 (2) 

The intra-region filtering is preferred to the inter-region 
filtering. The regions are bounded by edges having a 
gradient norm greater than a threshold K. In addition to its 
filtering properties, the model can also enhance the edges 
since the amount of diffusivity along the gradient direction 
becomes negative for gradient norms greater than K. 
However in such cases, the enhancing property may also 
amplify noise and yield an ill-posed problem. To revert back 
to a well-posed problem, the regularization proposed by 
Catté in [4], applies a Gaussian kernel on the argument of 
the diffusivity function. 
 
2.2. The anisotropic diffusion approach  
 
In order to enhance coherent structures, Weickert proposes 
in [5] a model that explicitly takes into account the 
directions of diffusion: 

2011 18th IEEE International Conference on Image Processing

978-1-4577-1303-3/11/$26.00 ©2011 IEEE 2041



 

€ 

∂U
∂t

= div D∇U( )  (3) 

where the diffusivity matrix D is computed in 3D as: 
  

  

€ 

D =
 v 1
 v 2
 v 3( )diag λ1 λ2 λ3[ ]  v 1

 v 2
 v 3( )T  (4) 

where λ1,λ2,λ3 represent the amount of diffusivity along the 
directions ,  and , which are the eigenvectors of the 
isotropic structure tensor defined by:  
  (5) 

where each component of the resulting matrix of the tensor 
product is convolved with a Gaussian kernel (Kρ). The 
eigenvectors of the isotropic tensor (eq. 5) express the 
average orientation of the gradient  and the orientation of 
the most homogeneous structure at scale ρ. The 
eigenvalues of this tensor (µ1≥µ2≥µ3) are all positive, and 
capture the average contrast in the eigenvector directions.  
 In order to smooth only along the most homogenous 
direction, Weickert proposes a new eigenvalues system 
(λ1,λ2,λ3) where λ3 is based on a coherence measure of 
µ1,µ2,µ3 and tends to 1 when λ1=λ2 are close to 0, thereby 
inhibiting diffusion across edges. However in isotropic 
regions where µ1≈µ2≈µ3≈0 the diffusion in all directions is 
close to 0 and is thus insufficient. Note that in order to keep 
the problem well posed and its convergence to the mean 
value at t→∞, the new eigenvalues (λ1,λ2,λ3) should remain 
between 0 and 1. 
 
2.3. PDE-based models for cell membrane filtering 
 
The Kriva et al. model [6] is a non-linear approach, which 
diffuses along the membranes while enhancing it by 
applying an advection term along the gradient direction. The 
novelty consists in the replacement of the gradient norm by 
the image intensity in the diffusivity function (eq. 2). This 
improvement provides a good localization of the membrane, 
however the noise reduction is less important on the 
membrane than in the background. Another limitation of 
this model (which extends to other non-linear models) is 
that the continuity of membrane structures are difficult to 
enhance, since the directions of diffusion are solely 
provided by the gradient and not via a local mean 
orientation as in anisotropic diffusion models.  
 Drblikova et al. [7] employ a modified Weickert model 
to denoise cell membranes. Since the membranes are 
inherently 2D structures, the authors set λ2=λ3, thereby 
providing a second direction for the diffusion ( ). The 
model thus performs better on the membranes, unfortunately 
it also applies the same diffusion to the background, 
inducing spurious 2D artifact structures.  
 Mosaliganti et al. [8] adopt the same anisotropic model 
(eq. 3) but the structure tensor is replaced by the Hessian 
matrix. In order to improve the filtering efficiency, a 
confidence measure of the membrane is designed using a 
planarity function from the eigenvalues of the 3D Hessian. 
Based on this function, the authors design a new system of 

eigenvalues able to modulate the diffusion along the 
principal directions of the Hessian matrix. The confidence 
measure can also be employed for membrane segmentation, 
however there are many parameters to set and the result is 
strongly dependent on the scale σ.  
 Contrary to the Weickert model, where the amount of 
diffusion in the isotropic regions is very low here it is equal 
to 1, thus the background is well denoised and no false 1D 
structures appear. Nonetheless, the eigenvalues λ2 and λ3 are 
usually greater than 1 along membranes, which leads to 
oscillations if the time step is not properly set.  
 In the following section we propose a new anisotropic 
model for membrane filtering which attempts to address the 
aforementioned limitations by adapting the eigenvalues 
system to specifically enhance the contrast and continuity of 
2D membrane structures.  
 
3. ANISOTROPIC STRUCTURE TENSOR MODEL 
 
Our model is based on the classical anisotropic diffusion 
model (eqs. 3 and 4), in which we define a new system of 
eigenvalues. Also, we compute the directions and amount of 
diffusion via a modified structure tensor, which is less 
sensitive to noise than Hessian-based models.  
 Here we wish to perform contrast enhancement 
alongside the diffusion process by allowing λ1 to take 
negative values, like in Kimmel et al. approach [9]. To 
ensure that the model remains well-posed, the enhancement 
is conducted similarly to the Perona-Malik regularization 
model. The directional interpretation of Perona-Malik model 
shows that in the gradient direction the diffusivity is 
modulated by the flux derivative function ([sg(s)]')[2]. The 
flux derivative function appears implicitly in the Perona-
Malik model (eq. 1), yet we can express its explicit form as: 
 

€ 

φ(s)'= sg s( )[ ]'= 1
1+ s /K( )2

−
2 s /K( )2

1+ s /K( )2[ ]
2

 (6) 

 
Fig. 1. Flux derivative function (eq. 6) 

 
 The plot of this function is shown in Fig.1, where we 
can observe that for arguments greater than the threshold K, 
the function takes negative values, inducing an enhancing 
behavior along . 
 Starting from the assumption that the cell membrane is 
a planar structure of co-dimension 2, we integrate the plane-
confidence measure defined in [10] by 
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€ 

Cplane =
µ1 − µ2

µ1 + µ2
   (7) 

into the proposed eigenvalue system: 

 

€ 

λ1 = φ' µ1( )
λ2 =max(λ1,0) − max(λ1,0) − λ3( )hτ(Cplane)
λ3 =1

⎧ 

⎨ 
⎪ ⎪ 

⎩ 
⎪ 
⎪ 

  (8) 

where 

€ 

hτ(s) is a fuzzy threshold function between 0 and 1 
(further described in [11]) that allows a better control of 
transition between regions. For Cplane values greater than the 
threshold τ∈[0,1], the function tends to 1, otherwise to 0.  
The eigenvalue λ2 depends continuously on the confidence 
measure and takes values between λ1 and λ3. In the 
neighbourhood of a membrane, λ2 tends to λ3 whereas it 
tends to λ1 when 

€ 

hτ(Cplane)→0. The max function prevents 
λ2 to take negative values and thus avoids oscillations. This 
adjustment is necessary as there is no direct relation 
between λ2 and µ2. 
 In membrane regions where µ1>>µ2≈µ3≈0 the fuzzy 
function 

€ 

hτ(Cplane)→1 gives λ2=λ3=1, thus a diffusion 
process is applied along the tangential plane, i.e. 
orthogonally to   

€ 

 v 1. Meanwhile, an enhancing process takes 
place along   

€ 

 v 1 if µ1 gets greater than the threshold K. 
 The regions where 

€ 

hτ(Cplane)→0 are either isotropic or 
exhibit 1D homogeneous structures. In isotropic regions 
where µ1≈µ2≈µ3≈0, λ1 tends to 1, thus all λ values are close 
to 1, providing a strong isotropic diffusion.  
 In 1D structure regions where µ1≈µ2>>µ3≈0, λ2 tends to 
λ1 and both are close to 0. Hence, diffusion will take place 
along the smallest variation of contrast ( ) with an 
intensity equal to 1. In the orthogonal directions, 2 possible 
events can occur: if λ1 and λ2 are both positive, a weak 
diffusion is applied, hence our model boils down to the 
original Weickert model for 1D structures; if λ1 is negative 
and λ2 is positive, the signal is enhanced along  and 
smoothed along .     
 It is interesting to note that this last configuration of 
tensor eigenvalues occurs also at membrane extremities or 
in junctions. In this particular case, we observe that by 
diffusing only in the most homogeneous direction ( ), the 
model is able to enhance the membrane continuity. 
 
  Membrane continuity can be further enhanced by 
increasing the integration scale (ρ). However, if ρ is chosen 
too large, other neighboring membrane structures are 
integrated as well, which disturbs the enhancement process. 
Moreover, background smoothing is also affected in the 
vicinity of the membranes. 
 Following [12], we wish to provide more robust 
eigenvectors and eigenvalues by replacing the isotropic 
structure tensor (eq. 5) by an anisotropic version. For each 
of the six independent components of the tensor 

, we apply our anisotropic model 
(eqs. 3, 4 and 8) instead of the classical Gaussian kernel 
(Kρ). In order to inhibit discontinuities, the diffusivity matrix 
D is common for all components. This implies that the 
structure tensor, which determines the eigenvectors of D, 
must integrate the information of all components. Therefore, 
we compute this common structure tensor as the average of 
all tensor components, as used in color image filtering [13].  
 Fig. 2 illustrates the benefits of an anisotropic tensor on 
the first eigenvalue, in comparison to the isotropic form, 
computed at the same relative scale.  
 

     
Fig. 2. First eigenvalue of an isotropic structure tensor (left) and 
its anisotropic version (right) computed on the image in Fig. 4.a. 

 
4. EXPERIMENTS & RESULTS  

 
We present here results on both simulated and real 
biological data. As a numerical scheme we adopted an 
explicit time discretization with forward and backward 
derivative approximations, in which we also took into 
account the lower depth resolution of the imaging setup. 
 
4.1. Data simulation 
 
In order to assess the performance of our model we 
simulated artificial images, which mimic the acquisition of 
2D membrane structures under a 3D fluorescence 
microscope. We first generate two ellipses with a size and 
boundary thickness close to values measured on real cells. 
Then, 50% of the membrane pixels are randomly removed 
to simulate a non-homogeneous signal. A constant 
background signal is then added. The 3D volume is then 
convolved with a Gaussian approximation of a typical 
microscope PSF. Finally, Gaussian additive noise is added 
to the signal, and the resolution along the depth in 
downgraded to simulate the optical thickness of a confocal 
imaging setup. A sample image is shown in Fig. 3.a below. 
 All the considered methods were evaluated according to 
two criteria: the root mean square error (RMSE) between 
the original and the filtered ellipse data, and the mean 
ellipse intensity (MEI). Hence, all parameters were adjusted 
to optimize these two criteria. 
 The Weickert and Drblikova models (Fig. 3.c and 3.d) 
create false structures, because of the insufficient diffusion 
along ,  and  respectively. The background in the 
vicinity of the membrane is well denoised, however this is 
an artifact due to the isotropic nature of the tensor. To obtain 
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continuous and homogeneous ellipses, the Kriva model 
diffuses strongly, yielding a relatively smooth background 
but also fuzzy edges. The background is better denoised by 
the other methods, however the ellipses are only enhanced 
with our model, which has the highest MEI value. Note that 
the Mosaliganti model wrongly diffuses across edges in the 
area where ellipses are close. The RMSE also shows that 
our approach outperforms the other models. 
 

    
a)     b)    c) 

   
d)    e)    f) 

Fig. 3. a) Simulated cell membrane (RMSE=11.403, MEI =91.39)  
b) Kriva et al. model [6] (RMSE=7.180, MEI=76.62);  

c) Weickert model [5] (RMSE=7.716, MEI=75.56);  
d) Drblikova et al. model [7] (RMSE=7.221, MEI=76.81);  

e) Mosaliganti et al. model [8] (RMSE=7.165, MEI=75.43);  
f) Our model (RMSE=6.543, MEI=79.06)  

 
4.2. Result on 3D microscopy image 
 
 Comparison between all the considered methods on real 
biological data yields similar observations as with simulated 
data, as illustrated in Fig. 4. Our model provides a good 
continuity of the membrane with an enhancement property 
even for junctions.  

   
 a) Original b) Kriva [6]  c) Weickert [5] 

    
    d) Drblikova [7]     e) Mosaliganti [8]    f) Proposed model 

Fig. 4. a) Slice of a 3D microscopy image  
b-f) Result from different models 

5. CONCLUSION 
 
In this work we have presented a novel model for planar 
structures denoising and enhancement using PDE-based 
anisotropic diffusion filtering. By designing an adapted 
eigenvalues system for the diffusion tensor, the model is 
able to smooth the signal along planar structures while 
enhancing their contrast. Thanks to the tensor formulation, 
the model is additionally able to enhance the continuity of 
the structures, enabling the recovery of incomplete signal. 
Quantitative results highlight the performance of the model, 
which is yet generic enough to be suitable for other 
applications of the image filtering field. 
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